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Part I

Abstract

� Context: Di�usion magnetic resonance imaging (dMRI) has, throughout recent

years, witnessed a tremendous rise in relevance inside both clinical and research

environments. By exploiting the unique probing capabilities the di�usion of water

molecules provides, dMRI is able to obtain signi�cant information, down to a mi-

crostructural level, directly usable to enrich and complete the general assessment

for patients su�ering from a wide range of neurological diseases. Lately, advanced

modeling strategies have begun to surface in the state of the art literature: their

principal application is to extract structural information in healthy subjects, but

there is great interest to extend their use to pathological cases. This generaliza-

tion is however non-trivial and requires careful examination of model hypotheses,

possible physiological biases and reliability of the information they may provide.

� Matherials and Methods: The aim of my master thesis is to investigate state

of the art brain models applied to di�usion MRI in an oncological setting. Various

implementations of several modeling strategies (NODDI, SMT, VERDICT) have

been chosen from the state of the art literature, and have been �tted on the dataset

at disposal, which comprises 12 patients su�ering from a range of brain tumours.

Subsequently, by making use of widely known model selection procedures such as

residual analysis and the evaluation of the parameter estimates uncertainty, the

model performances have been compared with one another in order to assess the

feasibility of their use in the oncological data at hand.

� Results: The DA maps, novel feature of Bingham-NODDI, appear to be incosist-
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ent and plagued salt-and-pepper patterns suggesting inadequacies in their estima-

tion process. NODDI-AMICO is found to consistently score higher residual sum of

squares value both across the whole brain and in the tumour interested region with

respect to Watson-NODDI, and its parameter estimates generally su�ers from dis-

cretization issues. The comparison between the two versions of SMT, i.e the tensor

and the bi-compartment model, revealed that the former struggles to �t the data

in voxels which mark the transition between di�erent brain tissues, and generally

presents higher model residuals than the latter; computing the variance of para-

meter estimates doesn't seem to favour one implementation or the other, but for

both cases is noticeably higher in normal appearing white matter than in the rest

of the brain.

� Conclusions: This work allowed to highlight the most suitable model for the onco-

logical dataset at hand in both the NODDI and SMT macrofamilies. In the former

case, Watson NODDI seems to be the most favorable approach, while in the latter

the bi-compartment model is the preferred implementation. Objective discrimina-

tion between the two is hardly advisable, as NODDI and SMT rely on di�erent

model hypotheses and, to some extent, quantify di�erent microstructural paramet-

ers. Though introduced in its mathematical formulation, the VERDICT-MRI model

has not been �tted on the dataset at hand, due both to the lack of validation stud-

ies concerning its use inside the human brain and to its dependence on MR se-

quence parameters not directly accessible to the operator. Nevertheless, this model

is particularly interesting because built to provide microstructural characterization

of tumoral tissue. Its generalization from the context in which it was born, pro-

state cancer, to brain gliomas is still an open challenge, possibly marking a future

extension of this work.
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Part II

Introduction

Since its introduction as a tool of outstanding sensitivity to detect early stroke in patients

(Van Everdingen et al. 1998), di�usion magnetic resonance imaging (dMRI) has proven

itself as an invaluable mean to probe tissues' microstructure, giving access to detailed

information concerning brain's anatomical conformation which would otherwise not read-

ily accessible, as the involvement of invasive techniques such as biopsy and subsequent

ex vivo studies are required to attain similar results. Building popularity on its �rst suc-

cessful application, an example of which can be seen in Figure 1, dMRI has, throughout

recent years, witnessed a tremendous rise in relevance inside both clinical and research

environments, currently being one of the principal focus of extensive mathematical mod-

elingin the state of the art literature (Novikov, Kiselev and Jespersen 2018). The di�usion

Figure 1: Some brain lesions (e.g. acute stroke) appear very distinctly in a DWI image,

whereas this may not happen in other sequences such as FLAIR.
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of water in biological tissues isn't technically free: it occurs inside, outside, around, and

through cellular structures: the presence of these boundaries hinders and restricts this

motion's extent and, as such, molecules' net displacement is reduced. By exploiting the

directional dependence of this phenomenon from the environment it occurs in, we are able

to relate the di�usion process characteristics to tissue microstructural features, which are

known to vary both during an healthy individual's lifetime and in presence of particular

pathologies. Thus, mathematical quanti�cation of indexes sensitive to the di�usive motion

of water molecules directly translate to useful biomarkers which can be exploited to locate

and characterize di�erences in the architecture of the human brain.

The di�usion process can be described by Fick's �rst and second law, which respect-

ively describe it in stationary conditions and in a time variant system:

J =
∂

∂x
(Dρ) (II.1)

∂ρ

∂t
+
∂J

∂x
= 0 (II.2)

where J denotes the molecolar �ow, D is the di�usion coe�cient and ρ is the particle

density. The combination of Equation (II.1) and Equation (II.2) gives:

∂ρ

∂t
= D

∂ρ2

∂x2
(II.3)

whose solution was proposed by Albert Einstein (Einstein 1905) and yields:

ρ(x, t) =
1√

4πDt
e−

x2

4Dt (II.4)

which e�ectively describes this phenomenon as a gaussian process with zero mean and

standard deviation equal to:

σ =
√

2Dt (II.5)

Equation (II.4) doesn't, however, re�ect the general condition of biological tissues. As

visualized in Figure 2, complex biological entities such as muscle �bers, glial cells and
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Figure 2: In presence of coherent structures such as neurons, di�usion may be restricted, or

at least hindered, in several directions. This fact renders the di�usion process anisotropic.

neurites usually modify the di�usive behaviours, causing a variable amount of directional

dependence to occur. For this reason, a single di�usion coe�cient D, which would char-

acterize a perfectly isotropic situation, is here not su�cient and the equation is modi�ed

in the following way:

P (r, t) =
1√

(4π |D| t)3
e−

rTD−1r
4t (II.6)

where r is a versor on the unit sphere and D is the so called di�usion tensor.

Equation (II.6) marks the basis for the technique called Di�usion Tensor Imaging

(DTI) (Basser, Mattiello and LeBihan 1994), where the di�usion MR signal is �tted with

the following model:

S(b, r) = Soe
−brTDr (II.7)

where S(b, r) is the observed signal, So is the signal without di�usion weighting, r is

the direction along which the MR signal is sensitized to di�usion and b is the b-value, a
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Figure 3: In zones with crossing �bers (green), the FA map is hypointense in comparison

to coherent white matter tracts (blue). This happens because a single di�usion tensor is

not able to distinguish di�erent �ber populations and blurs the two or more directional

components into a single, more isotropic, representation.

parameter which modulates di�usion sensitization in the MR scanner. By computing the

eigendecomposition of the di�usion tensor, useful metrics such as Fractional Anisotropy

(FA) and Mean Di�usivity can be obtained (MD).

Still today, DTI is a staple technique which has been extensively utilized in literature

in order to investigate possible morphological changes in brain anatomy, both in in healthy

cases or in pathological situations. However, in its original state, the ellipsoid described

by the di�usion tensor is widely known to fall short the moment more intricate structures

show up. This is the infamous case of crossing �bers (Pierpaoli and Basser 1996), a
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region in which two or more main �ber populations with di�erent directions, are found

in the same voxel. In Figure 3, the behaviour of the di�usion tensor in such cases is

visualized. With the introduction of High Angular Resolution Di�usion Imaging (HARDI)

(Descoteaux 1999a) protocols, it was possible overcome this and similar limitations of

DTI by relaxing the hypothesis of simple gaussian di�usion, and a multitude of advanced

techniques have been developed since then, generally classi�able in two di�erent frames:

� model-free approaches;

� model-based approaches.

Model free approaches are usually based on the q-space representation of the di�usion sig-

nal (Callaghan 1993), which directly relates it with the molecular displacement probability

density function (pdf) in the following way:

S(q, t)

S0

=

ˆ
R3

p(r, t)e(−2πq
Tr)dr (II.8)

where r is the molecular displacement, and q de�nes di�usion weighting properties in the

form:

q =
γGδ

2π
(II.9)

Di�usion Spectrum Imaging (Wedeen et al. 2000) is the most straightforward q-space

method, and simply aims to obtain the pdf p(r, t) (i.e the di�usion propagator) by in-

version of the Fourier transform in Equation (II.8). While arguably the most complete

characterization of the di�usion process, it requires fairly strong imaging gradients (up to

b=20,000 s/mm2 ) and a long acquisition time to measure hundreds of di�usion directions

and b-values (in the range of 150�515 measurements) that cover the 3D Cartesian grid. To

reduce the computational burden which is necessary to obtain a satisfactory estimation of

the propagator, other techniques try instead to recover its collapsed version which retains
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only its angular characteristics: this is called the orientation distribution function (ODF),

which is de�ned as the radial integral of the displacement pdf in spherical coordinates

(θ, φ):

Ψ(θ, φ) =

ˆ ∞
0

p(r, θ, φ)r2dr (II.10)

This description of water molecules' di�usion is recovered by Tournier and collegues (J-

Donald Tournier et al. 2004) by means of the spherical deconvolution technique, which

assumes that the di�usion signal can be seen as the convolution of the ODF with a �xed

axonal response function:

S(θ, φ) = F (θ, φ) ∗ Ψ(θ, φ) (II.11)

with F the orientation distribution function, Ψ the axonal response function and S the

observed signal. Alternatively, the ODF can be estimated from the signal thanks to a

generalization of the planar Radon transform, the Funk Radon transform (Tuch 2004).

While some model-free methods, especially those aimed to recover the ODF, are able to

reduce the amount of data required to recover the di�usion propagator, the informations

they provide are usually very generic and are not speci�cally tied to particular micro-

structural features we are interested in: this fact causes the information we obtain from

these approaches to lack speci�city, and may need a person di�erent from a clinician to

interpret it.

Model-based approaches were instead born wih the idea of being able to infer about

speci�c microstructural quantities which are far below the present resolution of modern

MR scanners. They rely on the explicit biophysical modeling and compartimentalization

to capture the essential behaviour of the overall signal arising from several heterogeneous

environments that may be found inside a single voxel. These methodologies often make

careful use of simplifying hypotheses and �xation of particular parameters in order to sta-
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Figure 4: Illustration of the Fourier relationship between 3D di�usion signal S(q, t) and

the probability density function, p(r, t), describing the 3D di�usion process of the water

molecules. From the di�usion propagator, the di�usion ODF can be computed. Reproduced

from the original article (Descoteaux 1999a).

bilize the parameter estimation process, decision which may yield the undesirable e�ect

of bringing them away from providing physiologically accetable estimates. In the current

state-of the art literature, there are countless examples of multicompartment modeling

strategies, with di�erent scales of complexity, assumptions and di�usion protocol require-

ments: these are all factors which characterize their possible utilization for particular

applications and available datasets. For example, neurite dispersion and density imaging

(Zhang, Schneider et al. 2012) adopt a three-compartment model in which di�usivities

are �xed, with the estimation focus being on relative volume fractions and degree of ax-

onal �ber dispersion; the spherical mean technique (Kaden, Kelm et al. 2016), in turn,

mathematically factors out the orientation dispersion function, leaving space for a more

unconfounded quanti�cation of the di�usion coe�cients. Furthermore, the last examples

are speci�cally targeted to describe healthy brain tissues, and one should proceed with
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caution when applying them in pathological cases, as the biophysical models employed

may not re�ect the physiological structures of the particular disease.

While research branches follow both frames with great interest, in the medical world,

where practical matters like scan times play a huge factor when deciding whether a par-

ticular sequence should be included inside the overall protocol, microstructural modeling

present today the better alternative for clinical adoption, as they require less extensive

datasets and provide speci�c and intuitive biomarkers to characterize brain microenviron-

ments. However, for above stated reasons, the transition of model application from healthy

to pathological cases has to be properly followed. Hence, the aim of this master thesis

is to delve deeper into the second category of approaches, selecting several brain models

from state of the art literature and comparing them in a oncological environment in terms

of �tting reliability, robustness of parameter estimates and dataset requirements. In order

to properly explain every step of this work, the rest of this text has been organized in the

following way:

� in chapter two, selected state of the art models are being explained in detail;

� in chapter three, an overview of the available dataset and of employed preprocessing

steps are found;

� in chapter four, the overall methods which have been used to compare di�erent

models will be introduced;

� in chapter �ve, the results of the analysis will be presented;

� �nally, in chapter six, the conclusions of the study are drawn.
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Part III

State of the art of di�usion

microstructural modeling

Conventional DTI has become a standard in clinical procedure to obtain di�usion weighted

images capable of describing how water molecules generally behave inside the human

brain. However, since di�usion MRI images usually feature a voxel size which is sev-

eral orders of magnitude bigger than brain microstructure, this technique often carries

an averaged depiction of the overall di�usion in heterogeneous environments, and DTI-

derived metrics often get confounded by the presence of intricate �ber con�gurations.

Multi-compartment modeling strategies attempt to overcome these limitations by expli-

citly taking into account that the signal may arise from di�erent structural components.

Contemporary literature features a wide range of possible di�erent techniques in this

context; In the current work, i am assessing three of them with some of their relative

modi�cations, namely:

1. Neurite Dispersion and Density Imaging (NODDI), along with its Bingham gener-

alization and the linearization within the AMICO framework;

2. The Spherical Mean Technique, in its tensor and multi-compartment formulation;

3. Vascular, Extracellular and Restricted Di�usion for Cytometry in Tumors (VERDICT-

MRI);

Each of the three will subsequently be characterized by a section in which they will be

explained extensively.
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1 Neurite Dispersion and Density Imaging

1.1 Watson-NODDI

Neurite Dispersion and Density Imaging (NODDI) in its original formulation was �rst

presented by Zhang and colleagues (Zhang, Schneider et al. 2012), and has since then

evolved in many di�erent ways. Inside the di�usion MR signal modeling context, NODDI

was speci�cally designed with clinical feasibility in mind as its principal aim: it would

provide useful insights on the underlying physiological structure behind the signal, but

it would also not require an unreasonable amount of data to be suitably identi�ed on.

To this end, the model adopted had to be both moderately simple, yet complex enough

to capture some key features which are able to distinguish between multiple di�erent

structures.

NODDI adopts a multicompartimental approach in which the di�usion signal is modeled

after several signi�cantly di�erent di�usion behaviours. The three of them are isotropic

free water di�usion, an extracellular environment in which water di�usion is hindered by

the presence of neurite and other cellular bodies, and �nally an intracellular compartment

in which water molecules are restricted to di�use along a single direction (i.e. the principal

�ber direction). These components separately give birth to a fraction of the MR signal

which is then additively composed by their contributions.

As such, the entire normalized MR di�usion signal can be described as follows:

A = (1− viso)(vicAic + (1− vic)Aec) + visoAiso (III.1)

where A is the normalized signal, viso is the isovolumetric volume fraction, vic is the intra-

cellular volume fraction, Aic is the intracellular normalized signal, Aec is the extracellular

normalized signal and Aiso is the isovolumetric normalized signal. The normalization is

carried out with respect to the signal without di�usion weightning, i.e the b0 image.
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Figure 5: General overview of NODDI scheme and environments it would like to represent.

Reproduced from the original article (Zhang, Schneider et al. 2012).

Having introduced the model in its general formulation, a detailed characterization of

the three compartmens will now follow:

The intra-cellular compartment aims to capture the highly restricted and directional

nature of di�usion taking place inside axon �bers and dendrites. To achieve it, NODDI

employs a set of orientationally dispersed sticks with zero radius as the mathematical

description for this behaviour. The biophysical model of the single stick is essentially a

cylinder with zero radius, and allows di�usion to take place exclusively along its main

direction. This choice factors one term of complexity out of the estimation process, as in

this particular case signal attenuation dependence from axonal diameter is not accounted

for. Hence, the following equation represent the intracellular attenuation pro�le:

Aic =

ˆ
S2

f(n)e−bd‖(q·n)
2

dn (III.2)

where b is the b-value, q is the gradient direction and d‖ is the longitudinal di�usion. It is

worth spending additional time to better characterizef(n), as it is the spherical distribu-
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tion employed to describe neurite dispersion inside the brain: in the original formulation

of the model, the decision fell upon the Watson distribution, whose mathematical formu-

lation is the following:

f(n) = M(
1

2
,
3

2
, κ)e(µ·n)

2

(III.3)

where κ is a concentration parameter, µ is the mean orientation and M is a con�uent

hypergeometric function in the form:

M(a, b, z) =
∞∑
n=0

a(n)zn

b(n)n!
,

with a(0) = 1 and a(n) = a(a+ 1)(a+ 2)...(a+ n− 1). The particular choice employed to

statistically describe orientation dispersion is a pivotal point in the model formulation,

and, as will be seen in the following paragraphs, it constitutes a point of divergence

between di�erent versions of NODDI.

Figure 6: The Watson spherical distribution, displayed here varying the concentration

parameter κ
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The extracellular compartment is aimed to give a reliable description about the space

around neurites, primarily composed by various types of glial cells, with additional cell

bodies in case of gray matter. The modeling choice is di�erent from the previous case:

here, there is no complete restriction of the di�usion process, but neurites and cells provide

some sort of hinderance based on their spatial organization and concentration. For this

reason, the compartment is modeled with gaussian anisotropic di�usion in the following

form:

logAec = −bqT (

ˆ
S2

f(n)D(n)dn)q (III.4)

where b is the b-value, q is the gradient direction D(n) is a cilindrically simmetric tensor

with n as principal di�usion direction, longitudinal di�usion d‖ parallel to n, and trans-

verse di�usion d⊥ perpendicular to n. It is important to highlight that neither of the two

di�usivities are treated like parameters to be estimated, since the former is �xed to the

typical in vivo value d‖ = 1.7 · 10−3mm2/s as done by Alexander and colleagues (Alex-

ander, Hubbard et al. 2010a), and the second is de�ned via a tortuosity model (Szafer,

Zhong and Gore 1995) in the form

d⊥ = d‖(1− vic) (III.5)

The free water compartment captures the di�usion behaviour in those brain regions

(e.g. cerebrospinal �uid) where no physical structure is found and water motion is neither

restricted nor hindered. Thus, this component is modeled as simple gaussian isotropic

di�usion.

Aiso = e−bdiso (III.6)

Similarly to the extracellular compartment, rather than letting the estimation process

take care for the isotropic di�usion coe�cient, it has been chosen to �x it as diso =

3.0 · 10−3mm2/s to reduce model complexity (Alexander, Hubbard et al. 2010a).
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Thus, acconting for NODDI in its entirety, the complete set of model parameters to

be estimated are

1. vic, the intracellular volume fraction.

2. κ, concentration parameter of Watson distribution.

3. viso,the isotropic volume fraction.

4. θ, �rst Euler angle to describe the mean orientation of Watson distribution in spher-

ical coordinates.

5. φ, second Euler angle to describe the mean orientation of Watson distribution in

spherical coordinates.

It is worth mentioning that in works previous to NODDI, the authors had de�ned κ as

the orientation dispersion index (OD) (Zhang, Hubbard et al. 2011). While this choice

implies no further computation in order to reach desired results, it presents two major

drawbacks: �rstly, k ranges in [0; inf(, which may result di�cult to visualize; secondly,

this de�nition counter-intuitively maps higher orientation dispersion into lower values of

k. To address these issues, a novel de�nition of OD was proposed by Zhang and colleagues

(Zhang, Schneider et al. 2012) as follows

OD =
2

π
arctan(

1

κ
) (III.7)

The �tting routine for NODDI determines the maximum likelihood of parameter estimates

with the assumption of additive Rician noise in two steps: Firstly, a brute force search is

performed over a coarse and regular grid of possible parameter combinations to provide a

preliminar, rough estimate. Secondly, results from the previous phase are carried over to
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be used as a starting point for a non-linear optimization procedure involving the Gauss-

Newton technique. In both steps, the cost function to minimize is the same, and it is the

following:

LRician = −
M∑
n=1

(
−2 log(σ)− D̃n + log(Sn(b,G)) +B

(
Ãn

))
(III.8)

where σ is the standard deviation of the Gaussian distribution underlying the Rician

distribution, Sn(b,G)is the n-th measurent, S̃n(b,G) is the n-th model prediction, B is a

Bessel function of the �rst kind and D̃n and Ãn are respectively de�ned as:

D̃n =
Sn(b,G)2 − S̃n(b,G)2

2σ2
(III.9)

Ãn =
S̃n(b,G)Sn(b,G)

σ2
(III.10)

The authors of the model have additionally performed an experiment optimization

procedure (Alexander 2008), in order to investigate the most suitable di�usion acquisition

scheme, given an extent of time of 30 minutes as contraint; this led to the de�nition of

the so called NODDI protocol, comprised of 2 shells: one �rst at b = 710s/mm2 with

30 gradient directions, and the second at b = 2855s/mm2 with 60 gradient directions.

In both shells, directions where chosen as to uniformly cover the entire sphere (Zhang,

Schneider et al. 2012).

1.2 Bingham-NODDI

Since its introduction, NODDI has been extensively used for clinical studies, as the novel

biomarkers it provided could be used to monitor possible di�erences both in pathological

and healthy situations. Possible examples are signi�cant alterations of vic and/or OD in

patients su�ering from galactosemia (Timmers et al. 2015) or focal cortical dysplasia (Win-

ston et al. 2014); NODDI metrics were also employed to detect microstructural changes
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Figure 7: Example of NODDI-based metrics derived inside the brain. The dashed ellipses

are example regions to show how Orientation Dispersion is able to reproduce spatial vari-

ations previously seen in Fractional Anisotropy maps. Reproduced from the original article

(Zhang, Schneider et al. 2012).

during brain development and ageing (Billiet et al. 2015), and was found to be a better

predictor of an individual's age with respect to FA(Chang et al. 2015). However, as it

was �rst conceived, NODDI is not able to accurately model those complex con�gurations

inside the human brain such as fanning or bending axons.

In these cases, which have been proven to be abudant throughout human brain thanks

to histological studies, (Türe et al. 2000; Kleinnijenhuis et al. 2013), the orientation disper-

sion is most pronounced in preferential bending/fanning planes, while being noticeably

lower perpendicularly to them. This observed directional behaviour cannot be suitably
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Figure 8: Schematics reproducing bending and fanning con�gurations. These can be in-

terpreted with a statistical distribution which takes into account orientation dispersion

anisotropy. Reproduced from the original article Tariq et al. (2016).

quanti�ed with the originally implemented Watson distribution, as it is only able to rep-

resent isotropic con�gurations. To overcome this issue, Tariq and colleagues (Tariq et al.

2016) proposed an alternative version of NODDI which implements the Bingham distri-

bution.

Being a generalized version of the Watson distribution, the Bingham distribution com-

pletely retains the representing power the former had, while additionally enabling the

possibility to provide anisotropic quanti�cation of orientation dispersion. It is worth men-

tioning however, that it also has a higher number of degrees of freedom, which may result

into needing more DW volumes to reach stable and reliable estimates. The Bingham

distribution is modeled with the following mathematical formulation:

f(n,B) =
1

cB
e(n
>Bn) (III.11)

where B is a symmetric 3× 3 matrix and cB is a normalization constant de�ned as

cB =1 F1

(
1

2
;
3

2
;B

)
(III.12)
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Figure 9: The Bingham Distribution. As it can be seen to the left, one of its possible

particular case is the Watson distribution adopted by Zhang (Zhang, Schneider et al.

2012). µ1 is the direction of the main population of �bers projected into the sphere, while µ2

and µ3mark respectively the direction of maximal and minimal dispersion on the sphere's

surface. Reproduced from the original article (Tariq et al. 2016)

where 1F1is a con�uent hypergeometric function as seen for the original NODDI formu-

lation.

Exploiting the invariance of Bingham distribution to the addition of arbitrary con-

stants to its eigenvalues, after some mathematical manipulation computed by Tariq and

colleagues (Tariq et al. 2016), Equation (III.11) can be rewritten as

f(n,B) =
eκ

cb
e
−
(

(µ2·n)2

1/(κ−β)

)
e
−
(

(µ3·n)2

1/κ

)
(III.13)

Equation (III.13) explicits the contribution of parameters κ and β to the overall statistical

distribution. 1/(κ − β) and 1/κ represent, respectively, the orientation dispersion along

µ2 and µ3. As κ > β > 0, dispersion along µ3 will always be less than along µ2. Therefore,

µ2 is referred to as the primary dispersion orientation.
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To summarize, the general model which lies behind Bingham-NODDI is the following

A = (1− viso)(vicAic + (1− vic)Aec) + visoAiso (III.14)

which is the same formulation seen for Watson-NODDI in Equation (III.1). The di�eren-

tiation is found in the characterization of intracellular and extracellular compartments,

seen in Equation (III.2) and Equation (III.4) wheref(n) is substituted with the Bingham

spherical distribution.

The complete list of parameters to be estimated is then the following

1. vic, the intracellular volume fraction.

2. κ �rst concentration parameter.

3. β, second concentration parameter of the Bingham distribution.

4. viso,the isotropic volume fraction.

5. θ, �rst Euler's angle to parametrize µ1 in spherical coordinates.

6. φ, second Euler's angle to parametrize µ1 in spherical coordinates.

7. ψ, third Euler's angle to parametrize µ2,µ3 on the unit sphere's surface.

Similarly to Watson-NODDI, both κ and β undergo further computation in order to

obtain more intuitive indexes to quantify orientation dispersion along µ2 and µ3

ODP =
2

π
arctan

(
1

κ

)
(III.15)

ODS =
2

π
arctan

(
1

κ− β

)
(III.16)
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Additionally, the authors went as far as to de�ne an �overall dispersion index� to

quantify overall axonal spread, which can prove to be an useful metric in the comparison

with the original OD index proposed in Equation (III.7)

ODTot =
2

π
arctan

(
|ΣBing|

)
(III.17)

with

|ΣBing| =

√(
1

κ− β

)(
1

κ

)
(III.18)

Finally, since the novel feature Bingham NODDI presents is the possibility to investig-

ate dispersion anisotropy inside the brain, the authors proposed its possible quanti�cation

by de�ning the dispersion anisotropy index:

DAB =
2

π
arctan

(
β

κ− β

)
(III.19)

The model �tting routine utilized in NODDI-Bingham remains identical to Watson-

NODDI: an initial grid search followed by a Gauss-Newton optimization procedure. How-

ever, these steps may not be optimal and would require additional research to ensure the

algorithm doesn't get trapped into local minima of the de�ned cost function (Tariq et al.

2016).

As a �nal note, in the original work, extensive testing of Bingham-NODDI was carried

out with the original NODDI di�usion protocol of two shells: while shared parameters

(with Watson-NODDI) are interestingly found to be identi�ed similarly with the original

formulation, both in terms of accuracy and precision, the DA index is however harder

to estimate and could possibly require richer datasets in terms of b-values and di�usion

directions.
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Figure 10: Bingham NODDI quanti�cation of novel indexes in a healthy subject: preferen-

tial orientation of dispersion (µ2) and dispersion anisotropy (DAB). The dashed arrows

indicate the Corpus Callosum, and the un-�lled arrows highlight the Superior Longitudinal

Fasciculus. Regions of crossings are highlighted with circles, with * indicating a crossing

with two �bre populations and ** with three. In the color-coded images, red, blue and green

represent the intensity of µ1 components respectively along the left-right, antero-posterior

and superior-inferior directions. Reproduced from the original article (Tariq et al. 2016)

1.3 AMICO-NODDI

Watson-NODDI is a microstructural di�usion based modeling technique designed to keep

in mind clinical feasibility as its most important feature: by exploiting several simplifying
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hypotheses, it is able to provide useful microstructural quanti�cation with a relatively

simple di�usion acquisition protocol. Even if not signi�cantly demanding in terms of scan

times, the model still require a huge amount of time to complete its �tting procedure,

making it impractical for whole brain studies concerning a multitude of patients, to the

point of touching the bounds of temporal feasibility when resampling procedures are em-

ployed to quantify parameter estimates' variability. Daducci and colleagues (Daducci et al.

2015) introduced the di�usion framework known as Accelerated Microstructural Imaging

via Convex Optimization (AMICO), in which NODDI was reformulated as a linear model

in order to provide its results in a dramatically lesser amount of time (on a good personal

computer, �tting time is reduced from 6-7 hours to 5 minutes). Mathematically speaking,

the objective of AMICO-NODDI, is to express the model described in Equation (III.1) in

the following form

y = Φx+ η (III.20)

where y is the measured signal, Φ is an ad hoc build dictionary (i.e a set of pre-generated

signals whose linear combination may approximate the measurement) and η accounts for

the acquisition noise.

To express NODDI as a linear system, the authors proposed to divide the original

problem into two smaller and simpler sub-problems and to solve them separately: In

particular, this means decoupling 1) the recovering of �ber populations' number and

orientation from 2) the estimation of microstructural properties such as neurite density

and orientation dispersion. As NODDI explicitly assumes the presence of one single main

�ber population, the �rst step is achieved through the use of Di�usion Tensor Imaging to

recover the main orientation µ, simply by extracting the eigenvector relative to the highest

eigenvalue of the di�usion tensor. DTI is part of the standards in clinical procedures and

is known to provide fairly quick and robust estimates. Subsequently, the characterization
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of the dictionary Φ seen in Equation (III.20) may proceed. In order to deal with signals

arising from di�erent compartments, the dictionary is partitioned into two block:

ΦN =
[
ΦtN | ΦiN

]
(III.21)

in which ΦiN models the isotropic contribution to the signal, while ΦtN models both the

intracellular and the extracellular compartments. The decision to wrap intracellular and

extracellular environments into a single partition arises due to their coupled nature: the

anisotropy of the extracellular compartment is dictated by neurite density and orientation

dispersion, features of the intracellular compartment.

Dictionary partitions are hence de�ned it the following way:

� Each column of ΦtN models the signal attenuation caused by micro-environments

characterized by a speci�c combination of neurite density and orientation dispersion.

It is worth noting that no systematic procedure was employed as to de�ne how many

words or which parameter values would perform best to describe existing data: the

authors empirically chose to use 144 words to describe this part of this signal,

combining 12 di�erent values of vic and 12 di�erent values of κ.

� ΦiN is chosen in this case as to describe signal attenuation coming from the isotropic

compartment. As done by Zhang (Zhang, Schneider et al. 2012), intrinsic di�usivity

is �xed to the typical in vivo value of 3.0 · 10−3mm2/s. It has been chosen to utilize

a single word to describe this partition, adopting the ball bio-physical model and

the previously seen di�usion constant.

Having de�ned the linear dictionary with a total of 145 words, NODDI can formulated as

a convex optimization problem:

arg min
x≥0

1

2

∥∥∥Φ̃x− y∥∥∥2
2

+ λ

(
1

2
‖x‖22

)
+ γ (‖x‖1) (III.22)
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where the addition of both Tikhonov regularization and the `1 norm can be noticed.

Due to the fact that the sparsity constraint has to be imposed only for the 144 words

describing the non-isotropic compartments, the adopted optimization routine slightly dif-

fers from standard non negatives linear least squares and has to be structured in three

di�erent steps (Daducci et al. 2015):

1. Firstly, Equation (III.22) is solved without any added regularization to give a �rst

estimation of the volume fraction viso of the isotropic comparment.

2. Isotropic contribution is then removed by the signal by subtraction, and then Equa-

tion (III.22) is solved again, this time adding the regularization terms. This step

identi�es the smallest subset of atoms needed to represent the signal, but �tted

coe�cients x are not directly usable as it is known they are biased because the `1

norm tends to under-estimate their value.

3. The last step is structured to debias previously found solutions: Equation (III.22) is

solved once more, over the supporting subset identi�ed in step 2 without any added

regularization.

Once the procedure above explained identi�es selected atoms' weights, NODDI model

parameters can be extracted in the following ways:

vic =

∑Nt
j=1 fjx

t
j∑Nt

j=1 x
t
j

(III.23)

κic =

∑Nt
j=1 κjx

t
j∑Nt

j=1 x
t
j

(III.24)

viso =

Ni∑
j=1

xij (III.25)
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Figure 11: NODDI metrics compared for a healthy subject with both the original formula-

tion and the AMICO linear framework. Near each parameter images, the di�erence map

has been computed. Reproduced from the original article (Daducci et al. 2015)

2 Spherical Mean Technique

State-of the art approaches like NODDI face the hard challenge to recover and model com-

plex �ber orientations which may be found throughout the entire human brain. As such,

these methodologies often employ simplifying hypotheses to reduce model complexity and
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gain robust estimability over clinically feasible datasets. In practice, however, these as-

sumptions may come at the relatively high cost of straying away from a physiologically ac-

ceptable depiction of brain microstructure: as an example, it is known intrinsic di�usivity

values inside the human brain may di�er from NODDI's assumed value of 1.7 ·10−3mm2/s

(Kaden, Kelm et al. 2016; Kaden, Kruggel and Alexander 2016). Moreover, the complexity

which the representation of multiple �ber populations would add to the problem usually

restricts these methodologies to hypothesize the presence of a single main neurite orienta-

tion: this adds a severe bias to possible model results, as situations of multiple orientations

are abudantly scattered inside the brain and are mathematically not suitably represented.

Within the di�usion modeling context, the Spherical Mean Technique (SMT) stands

out because it is able to mathematically factor out the dependence of signal attenuation

from axonal orientation dispersion and, in general, from possible complex �ber orientations

such as crossing �bers. The key insight to reach such a orientational-free description of

microstructural features is that for a �xed b-value the spherical mean of the di�usion

signal over all gradient directions is a function only of individual axons and not their

relative spatial arrangement.

The MR di�usion signal can be modeled as:

eb(g) =
Eb(g)

Eo
=

ˆ
S2

hb(g, ω)p(ω)dω (III.26)

where p(ω) is the orientation distribution function (ODF) and hb(g, ω) is the voxel aver-

aged per-axon di�usion signal. By computing the spherical mean of the signal, i.e:

ēb =
1

4π

ˆ
S2

eb(g)dg (III.27)

it can be proven (Kaden, Kruggel and Alexander 2016), that:

ēb =

π/2ˆ

0

hb(cos(θ)) sin(θ)dθ (III.28)
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which is easy to compute and doesn't depend on the ODF p(ω). θ is here de�ned as the

angle between the gradient direction and microdomain orientation.

The datasets on which the SMT implementations are �tted usually feature a di�usion

protocol with two or more shells and approximately 60 DW images in total, which is

similar to NODDI requirements and marks the feasibility of the technique to be adopted

in clinical environments.

2.1 Di�usion Tensor formulation

In order to proceed with microstructural quanti�cation, it is necessary to assume a plaus-

ible model for the per-axonal di�usion signal: this can be modeled as a cilindrically sim-

metric tensor as:

hb(g, ω) = e(−b〈g,ω〉
2λ‖)e−b(1−〈g,ω〉

2)λ⊥) (III.29)

Equation (III.29) is parametrized by both λ‖and λ⊥, parameters which numerically

characterize the voxel averaged di�usion process inside the axon and in its strict neight-

borhood. It is worth noting how di�erently this model behaves from NODDI: in this case,

longitudinal and transverse di�usivities are treated as independent parameters rather than

connected via a tortuosity model.

Eventually, the di�usion tensor model reads:

ēb(λ‖, λ⊥) = e(−bλ⊥)
√
πerf(

√
b(λ‖ − λ⊥))

2
√
b(λ‖ − λ⊥))

(III.30)

where erf = 2
π

´ x
0
e−t

2
dt is the error function.

The sample mean estimator over each shell is employed to recover the spherical mean

of the signal which is subsequently �tted with Equation (III.30). The estimation routine
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includes a simple constrained least squares approach:

min
0≤λ⊥≤λ‖≤λfree

n∑
i=1

(ẽbi − ēb(λ‖, λ⊥)2) (III.31)

that �ts microscopic di�usion model to the previously estimated spherical mean for all bi

shells. The constraint 0 ≤ λ⊥ ≤ λ‖ ≤ λfree takes place in order to ensure both di�usiv-

ities lie in physically meaningful range. Constituting the upper bound, λfree is the bulk

di�usivity and it is around 3.05µm/ms at 37° (Le Bihan and Iima 2015).

After the �tting procedures, di�usivities indexes are further elaborated in order to get,

a per-axon measure of mean di�usivity and fractional anisotropy:

λ̄ =
(λ‖ + 2λ⊥)

3
(III.32)

FA =

√
3

2

(λ‖ − λ̄)2 + 2(λ‖ − λ̄)2

λ2‖ + 2λ2⊥
(III.33)

which can be compared with DTI-derived similar measurements.

It is important to notice SMT requires at least two b-shells in order to properly �t the

model, otherwise the problem in Equation (III.31) remains underdetermined.

2.2 Microscopic Multi-compartiment Model formulation

Kaden and collegues (Kaden, Kelm et al. 2016) expands on the original SMT-based mi-

croscopic di�usion anisotropy imaging technique (Kaden, Kruggel and Alexander 2016)

and propose a variation of Equation (III.29), which was in fact a rotationally simmetric

tensor, and introduce a bi-comparment model in order to account for the presence of

multiple tissue features at a microstructural level. The extension from the di�usion tensor

formulation is structured not only to provide quanti�cation of longitudinal and radial

di�usivities, but also to feature a measure of neurite density ultimately unconfounded by
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Figure 12: Longitudinal and transverse di�usivities quanti�ed for a healthy patient with

SMT's tensor formulation. Reproduced from the original article (Kaden, Kruggel and

Alexander 2016).

the e�ects of possibly complex ODFs. The mathematical notation of the model reads as:

ēb = vintē
int
b + (1− vint)ēextb (III.34)

where the intracellular signal attenuation is explain as:

ēintb =

√
πerf(

√
bλ)

2
√
bλ

(III.35)

and the extracellular signal attenuation as:

ēextb = e−bλ
ext
⊥

√
πerf(

√
b(λ− λext⊥ ))

2
√
b(λ− λext⊥ ))

(III.36)

In this formulation, vint parametrizes the intracellular volume fraction, λext⊥ the external

extracellular di�usivity and λ is the intrinsic di�usivity, equal for both the intracellular and

extracellularcompartments, i.e λint‖ = λext‖ = λ. Di�erently from the tensor formulation
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seen before, the extracellular di�usivity is not seen as a free parameter, but is rather linked

to the intrinsic di�usivity and to the intracellular volume fraction by the expression

λext⊥ = (1=vint)λ. (III.37)

which is identical to the tortuosity model adopted by NODDI in Equation (III.5). Thus,

the multi-comparment model proposed here features, like the tensor formulation, just

two independent parameters, whose numerical quanti�cation is provided by a constrained

least square approach:

min
vic∈[0;1]

0≤λ‖≤λfree

n∑
i=1

(ẽbi − ēb(λ‖, vic)2) (III.38)

As seen for the previous formulation, these costraint take place to make sure all the

parameters lie in a physically meaningful range. After the �tting procedure, the authors

extract a measure of mean di�usivity from parameter estimates, which is then presented

the following form:

λext⊥ = (1− 2

3
vint)λ (III.39)

Sharing the same number of parameters with the tensor formulation, the multi-comparment

model similarly needs at least two b-shells in order to properly carry out the �tting.
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Figure 13: Examples of intracellular volume fraction and intrinsic di�usivity fraction de-

rived with the multi-compartment formulation of SMT, for an healthy patient. Reproduced

from the original article (Kaden, Kelm et al. 2016)

3 Vascular, Extracellular and Restricted Di�usion for

Cytometry in Tumors (VERDICT)

So far, every explained model in this part of the work had in common one main assump-

tion: they were speci�cally built in order to explain the signal arising from healthy tissues

inside the brain. Hence, the generalization of such techniques to pathological conditions

should be carried out with caution, as the hypotheses on which these methodologies were

initially based may no longer be satis�ed. The last model that will here be presented is

di�erent in this sense, because it was speci�cally built and tested in a tumorous context.

Histology represents nowadays the gold standard when it comes to accessing speci�c
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information regarding tumour cells, their size and their packing density. However such

methods involve invasive procedures such as biopsy to extract tissue samples which are

then object of extensive analysis. While surely this represents the most faithful way to

probe the microstructural architecture, as needed information are measured directly, his-

tological evaluation lacks repeatability and is often restricted to small, selected areas.

Other less invasive imaging techniques may come into play to measure tumour volume

(Liang et al. 1996) (H. J. Kim and W. Kim 2012) and vascularity (Miles 2003), but since

lesion progression often occurs slowly and may feature microstructural alteration, other

methodologies, more sensitive to these internal variations, are urgently needed. Di�usion

based MRI has extensively been used in order to study tumoral cellularity inside a variety

of tumour cells, but while some studies have found some statistical correlation between ap-

parent di�usion coe�cients and cellularity (Rumboldt et al. 2006), there are other studies

who do not (Squillaci et al. 2004).

In the context of di�usion multi-compartment imaging however, which to our know-

ledge is able to distinguish between signal contributions coming for multiple environments,

VERDICT-MRI is the only available technique speci�cally built on tumoral tissue and

aimed to o�er explicit biomarkers to follow the course of the disease. In the �rst in vivo

study (Eleftheria Panagiotaki, Chan et al. 2015), the model was �tted on patients su�ering

from prostate cancer.
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Figure 14: VERDICT model scheme, along with modeling choices for prostate tumour: In

the intracellular compartment fic, dic and R represent respectively the intracellular volume

fraction, the intrinsic di�usion coe�cient and tumour cell radius; In the extracellular com-

partment, fees and dees represent the extracellular volume fraction and the extracellular

di�usion coe�cient; �nally, in the vascular compartment, fvasc and P represent the in-

travascular volume fraction and the pseudo-di�usivity inside blood vessels. Reproduced

from the original article (Eleftheria Panagiotaki, Chan et al. 2015).

The mathematical model of VERDICT employs three di�erent comparments in order

to describe three di�erent situations inside the tissue:

1. Signal S1 comes from water trapped inside tumour cells.

2. Signal S2 comes from water outside cells and blood vessels.

3. Signal S3 comes from water in blood undergoing microcirculation inside blood ves-

sels.

The model assumes there is no exchange between the three compartments. As such, the
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total MR di�usion signal can be represented as:

S =
3∑
i=1

fiSi (III.40)

where fi represents the relative contribution of the i-th compartment to the total signal,

with
∑3

i=1 fi = 1.

Equation (III.40) marks the general description VERDICT decides to adopt to give

an overall accurate description of tumoral tissue: However, when it comes to the spe-

ci�c biophysical models utilized in each compartment, the authors state they are highly

dependent on the speci�c pathology and, as such, the mathematical formulation should

vary accordingly with the situation at hand. The speci�c choices for the compartments in

Equation (III.40) are as follows:

1. Signal S1: In prostate cancer, glial cells are assumed to be quite isotropic. For this

reason, the signal is represent by a �sphere� biophysical model (Stanisz et al. 1997).

The only free parameter here is dIC , the intracellular di�usion coe�cient.

2. Signal S2: The EES is modeled with hindered isotropic di�usion: a �ball� biophysical

model is employed:

S2 = e−bdEES (III.41)

where dEES is the extracellular di�usion coe�cient.

3. Signal S3: the vascular part of the signal is represented as arising from a structure

with noticeable directional dependence. To capture the strong anisotropy inherent to

blood vessels, it has been decided to utilize cylinders of zero radius (i.e astrosticks)

as the mathematical representation of this comparment:

S3 =

ˆ
S2

1

4π
e−bP (q·n)2dn (III.42)
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where q is the gradient direction and P is the pseudo-di�usivity inside capillaries.

Equation (III.42) is very similar to Equation (III.2), with the exception being that

astrosticks here have an uniform distribution over the sphere instead of an assumed

Watson distribution whose parameters have to be estimated.

Before proceeding with parameter estimation, VERDICT-MRI, assumes the followings

�xed parameters: dEES = dIC = 2 · 10−9m2/s ;P = 8 · 10−9m2/s: these values were chosen

as to minimize VERDICT �tting error averaged over the voxels taken into account. Thus,

the optimization procedure only has to estimate:

1. fIC , the intracellular volume fraction;

2. fEEC , the extracellular volume fraction;

3. R the tumoral cell radius.

As far as dataset requirements are concerned, the employed MR sequences which are

used to subsequently �t VERDICT are completely di�erent from the previous cases. This

is due to the adoption of the �sphere� biophysical model to describe the intracellular

compartment, which introduces the dependence of the di�usive process on particular MR

sequence parameters, more speci�c than the b-value, which may be hard to retrieve. Table

1 features an example of di�usion protocol used to �t this model.

The used �tting routine is well explained by Panagiotaki and colleagues (Eleftheria

Panagiotaki, Schneider et al. 2012), and features the minimization of a chi-squared ob-

jective function in the form

LoffG =
M∑
n=1

(S̃n(δ,∆,G)−
√
Sn(δ,∆,G)2 + σ2)2 (III.43)

where S̃n(δ,∆,G) is the model predicted signal and Sn(δ,∆,G) is the nth measurement.
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b-value (s/mm2) ∆/δ (ms) TE (ms) TR (ms) |G| ,T/m

1000 26.6/8.5 55 2000 0.090181

2000 29.4/11.3 60 2305 0.092374

3000 31.6/13.5 65 2731 0.0921

2500 30.7/12.6 63 2517 0.091095

1500 28.1/10.0 58 2033 0.091966

800 25.7/7.6 53 2000 0.091373

400 23.7/5.6 49 2000 0.090323

200 22.2/4.1 46 2000 0.089303

100 21.2/3.1 44 2000 0.084886

Table 1: Example of di�usion protocol used in a VERDICT study (Eleftheria Panagiotaki,

Chan et al. 2015). ∆ is the di�usion time, δ is the di�usion gradient pulse duration and

|G| is the di�usion gradient strength. TR and TE are respectively the repetition time and

the echo time.

In Figure 15 an example of VERDICT derived metrics can be seen for a case of prostate

cancer.
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Figure 15: Examples of VERDICT-derived metrics (along with ADC) for prostate cancer.

Tumour ROI is circled in red, while a bening region is circled in black. fic is the intracellu-

lar volume fraction, feec is the extracellular volume fraction, R is the tumour cell radius,

and �nally the cellularity map is obtained by dividing the IC volume fraction estimate

by the cube of the cell-radius (cell volume) estimate. Each of these parameters seems to

e�ectively distinguish the tumorous ROI from the rest of the tissue. Reproduced from the

original article Eleftheria Panagiotaki, Chan et al. (2015).
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Part IV

Dataset and preprocessing

1 Dataset speci�cations

12 patients su�ering from di�erent grades of brain gliomas have been scanned at the

Policlinico universitario di Padova. Di�usion weighted images have been acquired on a

Siemens Biograph mmR syngo MR B20P scanner at 3T, with a voxel size of 2.0x2.0x2.0mm,

TR of 5355 ms and and a TE of 104ms. Each volume was composed of 68 slices, acquired

in interleaved mode with a multiband accelerator factor of 2. The name of the employed

di�usion MR sequence is �cmrr_mbep2d_di��, whose multi-shell protocol was composed

by a total of 100 di�usion weighted images, subdivided in the following way:

� 10 B0 images, with zero di�usion weighting;

� 30 di�usion weighted images at b-value=710 (Shell 1);

� 60 di�usion weighted images at b-value=2855 (Shell 2);

In both shells, di�usion gradient directions were chosen as to uniformy cover the unit

sphere (Caruyer et al. 2013). Both phase encoding directions (Anterior-Posterior and

Posterior-Anterior) were acquire for every volume, as to enable the possibility to correct

for B0 inhomogeneity-induced artifacts.
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2 Preprocessing pipeline

DWI is by nature a low signal-to-noise ratio and artifact-prone technique. Moreover, it is

extremely sensitive to physiological motion: since water di�usion in typical experiments

are usually in the order of 5-15 mm, even the slightest motion could cause signi�cant signal

loss. In order to reduce this sensitivity, echo-planar imaging (EPI) readout techniques are

commonly used.

However, this type of data acquisition usually brings forth other issues, such as B0

susceptibility e�ects and eddy-currents induced distortions. Before being able to e�ect-

ively use the acquired di�usion data, some substantial preprocessing is needed to factor

out a good amount of noise and distortion MRI intrinsically su�ers from. Artifacts can be

classi�ed according di�erent criteria: their origin, their consequences, their e�ects on stat-

istical analysis of di�usion data, amongst others. The most common distinction is however

between system-related artifacts, which are signal anomalies caused by the MR scanned

itself, and subject-related artifacts, which are caused by physiological phenomena such as

cardiac pulsation. The preprocessing pipeline which is explained here has been applied

prior to the �tting of any of the selected microstructural models, and is intended to re-

duce e�ects coming from both the introduced categories of unwanted signal components,

featuring the following steps:

� elimination of excessively corrupted volumes;

� thermal noise reduction via random matrix theory;

� B0 susceptibility e�ects estimation;

� eddy current induced distortions correction.
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It is worth mentioning that the last two steps are usually linked, and in this case the are

jointly executed by a single command in the software MRtrix (http://www.mrtrix.org/)

by the command �dwipreproc�, which calls two FSL (https://fsl.fmrib.ox.ac.uk/fsl/

fslwiki/) scripts in sequence: �Topup� and �Eddy�.

In the remainder of this chapter, each of the above mentioned steps of the preprocessing

pipeline has a dedicated section, in which the employed methodology is introduced in more

detail.

2.1 Elimination of excessively corrupted volumes

A major source of artifactual appearance in DWI images is caused by patient motion

(Jacques-Donald Tournier, Mori and Leemans 2011). In the typical dMRI experiment,

the displacement of water molecules occuring between two gradient pulses leads to a loss

of spins' phase coherence which attenuates the received signal; by employing the correct

model, it is possible to relate this attenuation with the values of microscopic di�usivities

taking place inside the human brain. However, if a certain degree of macroscopic motion

is caused by the patient, spins undergo a much larger displacement than the one caused

by di�usion, potentially causing large phase shifts which result in the complete disruption

of the MR signal. (Le Bihan, Poupon et al. 2006).

Independently from further preprocessing steps, it has been necessary to visually in-

spect each acquired volume for every patient in order to take out those who featured severe

distortions or signal dropout: artifacts in these images cannot be suitably corrected by any

available preprocessing technique, and would eventually introduce non-physiological bias

in model �tting procedures, if kept for further analysis. In this step, interslice instabilit-

ies are being mainly looked for (Jacques-Donald Tournier, Mori and Leemans 2011). As

mentioned before, they usually occur due to subject motion, and may be recognized be-
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cause anomalous black bands appear in the interested image. It is noteworthy that these

artifacts are further exacerbated by the interleaved acquisition pattern which is in use for

this study. In Figure 16 some notable examples of interslice instabilities in our dataset

are being shown.

Figure 16: Possible examples of interslice instabilities caused by patient motion during MR

scans. Volumes featuring these kind of distortion have been excluded from model �tting

procedures.

2.2 Thermal noise reduction via random matrix theory

Thermal noise corrupting MRI measurements generally propagates from the acquisition

of the di�usion weighted images to the quanti�cation of microstructural parameters at

the end of model �tting processes, e�ectively undermining their accuracy and precision.

As such the denoising problem has always been an important and ever-present branch of

image processing.

46



Generally speaking, MR noise is believed to follow a non central q distribution with a

number of degree of freedom dependent on the e�ective number of coils (Veraart, Fiere-

mans and Novikov 2016). In contemporary literature, various algorithms have been pro-

posed to address this issue, proposing solutions either based on weighted averaging of

similar voxels (Coupé, Yger and Barillot 2006), procedure which introduces a certain de-

gree of blurring in the image as a side e�ect, or by minimization of the total variation

(TV) (Rudin, Osher and Fatemi 1992). This last technique is however is very dependent

on its regularization term and is very aggressive in the removal strategy, as it may happen

that �ner anatomical detail gets suppressed alongside thermal noise (Perrone et al. 2015).

Here the utilized technique, described by Veraart and colleagues (Veraart, Novikov

et al. 2016), has been applied separately to the A-P and P-A acquired volumes with the

MRtrix command �dwidenoise� and features an extensive utilization of the Principal Com-

ponent Analysis (PCA) to recover a cleaner representation of the signal. This procedure is

based on the theory that the least contributing principal components to the total variance

are the ones carrying noise related information.

Mathematically speaking, let X be the M ×N di�usion data with M the number of

voxels and N the length of the signal (i.e. the number of di�usion volumes). Then:

X =
√
NUΛV T (IV.1)

is its singular value decomposition (SVD), with U and V unitary matrices whose columns

are the left-singular and right-singular vectors of X, respectively. The diagonal elements

of Λ are called singular values and are the eigenvalues of the covariance matrix of X,

which is de�ned in the following way:

Σ =
1

N
XXT (IV.2)

In accordance with an universal law coming from the random matrix theory (RMT) frame,
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the P = M − M̃ non zero eigenvalues carrying information about the noise component of

X should be agreeing with the statistical distribution of Marchenko-Pastur (MP), if the

noise level is constant througout all elements of X:

p(λ|σ, γ) =


√

(λ+ − λ)(λ− λ−) λ− ≤ λ ≤ λ+

0 otherwise

(IV.3)

with λ± = σ2(1±√γ)2, γ = M̃/N and σ the noise level. The range of eigenvalues covered

by the MP distribution is equal to:

λ+ − λ− = 4
√
γσ2 (IV.4)

and its expectation value is: ˆ λ+

λ−

p(λ|σ, γ)λdλ = σ2 (IV.5)

The denoising algorythm, starting from the lowest λ, iteratively expands the subset of

noise-carrying components by adding the lowest remaining eigenvalue until the following

condition is reached:
M∑

i=p+1

λi ≥ (M − p) p
M
σ2 (IV.6)

where p identi�es the number of signi�cant principal components at each iteration. Once

Equation (IV.6) is veri�ed, the cycle stops and the current iteration of p is chosen as the

true number of signal-related principal component P .

Hence, brie�y, the adopted procedure, is structured in the following steps:

1. Compute PCA on the original data matrix X and recover the M principal compon-

ents.

2. With an iterative routine which involves �tting the Marchenko-Pastur distribution

to the eigenspectrum of the covariance matrix of X, identify the noise-related M̃

principal components.
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3. Compute the denoised data matrix X̃ by performing the inverse PCA using only

the P information carrying principal components.

The e�cacy of this thermal noise reducing technique can be visually appreciated in Fig-

ure 17, where its application on DWI acquired with b=2855 is taken as example.

Figure 17: A di�usion MR volume, acquired in the A-P phase encoding direction, before

applying random matrix theory denoising (left) and after (right)

2.3 EPI artifacts: eddy currents and B0 susceptibility e�ects cor-

rection with MRtrix

While being extremely fast in image acquisition, echo planar imaging sequences require

a very homogeneous magnetic �eld: even when using a well shimmed magnet, an indi-

vidual's head undergoes slighlty variable magnetization in dependence of tissues' magnetic

properties. This di�erence sistematically causes spin's precession velocities to be slightly

di�erent and this eventually leads to an MR recostruction of the image in which pixels

are displaced with respect to their true location. EPI has a very high bandwith along the
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readout axis (in the order of kHz), but in the phase encoding direction it usually is very

low: this fact causes the technique to be extremely sensitive to little local variations of

the magnetic �eld and usually images appear noticeably stretched or contracted. Shape

distortions in neuroimaging are a serious issue, as it is usual practice to have acquired

images to be superimposed by means of a registration algorithm to have structural and

functional references. Furthermore, in �ber tracking studies, severe deformation of dif-

fusion images may results into estimating implausible �ber trajectories, which may be

incompatible with the known anatomy. This artifact is generally corrected either by map-

ping the inhomogeneities of the B0 �eld and consequently estimating the displacements,

or by registering the distorted image to a target structural one (Le Bihan, Poupon et al.

2006).

Another problem which is widely known to a�ect MRI are the so called eddy currents

(EC), which may be generated when large gradients are switched rapidly. This intrinsically

happens especially in di�usion protocols, and as such, they represent a very important

source of artifacts to deal with. When the gradients are turned on and o�, the time

varying magnetic �eld which is established causes the MR conducting surfaces to be

traversed by strong induction currents, in accordance with Faraday's Law. These currents,

in turn, generate a secondary magnetic �eld which persists after the primary gradients

have been switched o�. Eddy currents produce two unwanted e�ects: 1) the magnetic �eld

they induce interacts with the di�usion gradients, e�ectively adding a certain degree of

di�usion sensitization which is not accounted for in the de�nition of the b-value and 2)

they are a source of moderate image distortions, in conjunction with the aforementioned

B0 susceptibility. While attempting to �x the �rst e�ect remains still di�cult and far

fetched in clinical settings (Pierpaoli 2010), the second issue can be corrected by using

suitable registration algorithms. In any case, eddy currents should be minimized by making
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particular choices in hardware design, such as employing self shielded gradient coils or

reducing the number of conductive surfaces present in the scanner.

In our case, B0 susceptibility estimation and correction for eddy currents are linked

with one another, as the output of the former is used as an input in the latter. The totality

of this step is performed thanks to the MRtrix software, which in turn calls two di�erent

FSL scripts: Topup and Eddy.

Having at our disposal both phase encoding volumes (A-P and P-A), the o�-resonance

�eld which is due to B0 susceptibility is the same for both images, but it alters the two

of them in opposite ways.

Mathematically, let the undistorted space , the A-P scan space and the P-A scan space

be the following:

x = [x, y, z] (IV.7)

x+ = [x+, y+, z+] (IV.8)

x− = [x−, y−, z−] (IV.9)

we wish to recover the mappings T+ : x → x+and T− : x → x−. Both of them are

uniquely determined by the displacement �eld d(x) which is related to the inhomogeneity

�eld ∆B0(x). Hence, the process of �nding the ∆B0(x) �eld by observing two datasets

f+(x+) and f−(x−) acquired with opposite phase encoding direction is accomplished by

�nding the displacement �eld d(x) which ful�lls:∣∣∣∣∂(x+)

∂x

∣∣∣∣
x+

f+(x+) =

∣∣∣∣∂(x−)

∂x

∣∣∣∣
x−

f−(x−) (IV.10)

for every x. Topup estimates d(x) by employing an iterative procedure described by

Andersson and colleagues (Andersson, Stefan Skare and Ashburner 2003) in which AP and

PA volumes are coregistered after the correction with the current available displacement
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�eld: when their similarity is maximal, the algorithm stops and the optimal d(x) estimate

has been achieved.

In practice, it is noteworthy that Topup doesn't explicitly correct the e�ect for each

couple of opposite phase encoded volumes, but it is only used to estimate the distortion

maps. This information is then passed to the Eddy software which jointly performs eddy

current and B0 inhomogeneities correction, which is done by initially recombining each

pair of opposite phase encoded volumes through an averaging process which weights the

images with the jacobian matrix (Skare and Bammer 2010). After that, the procedure is

based on a Gaussian Process (GP) predictor for which the hyperparameters are directly

estimated from the data. The detailed procedure is explained by Andersson and Sotiro-

poulos (Andersson and Sotiropoulos 2016) but brie�y, the algorithm is structured in the

following two steps:

� A loading phase, in which current iteration's EC distortion maps are used to correct

all di�usion volumes. The corrected images are then loaded into the GP predictor

and used as its training data.

� An estimation phase, in which each volume prediction is estimated with the GP

predictor, the EC correction performed in the �rst phase is inverted, and �nally the

obtained volume is compared with the corrisponding original one. The di�erences

between the two are then used to update EC correction parameters.

The iterative procedure described above is better visualized in Figure 18. At the end of

the second step of the current iteration, a re�ned estimation of the corrective parameters

is given based on the computation of the di�erence image; this estimation is then used in

the �rst step of the subsequent iteration to provide the gaussian process with (partially)

undistorted training data.
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Figure 18: Eddy Current Correction process. the fjare the input DW images, h is the

B0 inhomogeneities map from Topup, e(βi) and ri are current iteration's eddy correction

parameters, ŝiare current interation's corrected images and f̂iare the GP predictions of

the DW images. Reproduced from the original article (Andersson and Sotiropoulos 2016).

The update rule for the EC correction parameters, given the observed di�erence f̂i−fi
is the following:  β(k+1)

i

r
(k+1)
i

 =

 β(k)
i

r
(k)
i

− (DTD
)−1

(f̂i − fi) (IV.11)

where the meaning of the parameters has been explained in the description of Figure 18

and D is the matrix:

D =
[

∂f̂i
∂β1i

. . . ∂f̂i
∂βni

∂f̂i
∂r1i

. . . ∂f̂i
∂r6i

]
(IV.12)

Equation (IV.11) e�ectively models the di�erence between the two images as a linear

combination of the partial derivatives of fi with respect to the elements of βi and ri.
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Figure 19: Overall preprocessing pipeline results for a b=710 (top row) and two b=2855

(middle and bottom rows) slices coming from the available dataset. The three columns

contain the AP encoded original slice (left), along with its PA counterpart (middle) and

the preprocessed one (right).

The correction for EC-induced artifacts marks the end of the preprocessing pipeline

featured in this study. Note how the �dwipreproc� MRtrix command doesn't explicitly take

care of motion correction: this is the reason why we preemptively decided to factor out

those DW volumes which were excessively corrupted by this artifact. In Figure 19, some

54



examples of the preprocessed images can be found. It is worth mentioning that images

acquired with moderate di�usion sensitization (b=710) have a higher SNR with respect

to strong di�usion sensitized ones (b=2855). For this reason, it is possible to visually

appreciate the results more in the latter case, rather than in the former.
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Part V

Softwares and methods

The �rst part of this chapter brie�y covers the various software implementations which

have been used to �t previously explained microstructural models. The rest of the chapter

will instead focus on the techniques which have been employed to compare the models

and to draw conclusions about which of the selected methodologies could be better suited

in their application to the available dataset.

1 Software implementations

1.1 Watson NODDI and the NODDI Toolbox

The original version of Neurite Dispersion and Density Imaging (i.e Watson-NODDI) has

been implemented in MATLAB (The Mathworks, Natick, USA) via a complete pack-

age of functions named 'NODDI toolbox' (http://mig.cs.ucl.ac.uk/index.php?n=

Download.NODDI). Although presented to the public with the only intention of serving as

a mean to �t NODDI both in ex vivo and in vivo data, it comprises the possibility to

select a wide range of di�erent biophysical models which are probably object of further

research (in Figure 20, part of the code which handles the selection between di�erent

models is shown). In the toolbox, the internal name which is associated with the in vivo

NODDI model is �WatsonSHStickTortIsoV_B0�.

The NODDI toolbox has the following input requirements to �t Watson NODDI:

� The preproccessed DW images with the .nii format;
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Figure 20: Picture of a part of the function 'SynthMeas' from the NODDI toolbox which

is used to generate data according to a speci�c parameters combination and model choice.

As it can be seen, it features a series of possible models to pick which in turn, these models

call di�erent speci�c functions.

� The di�usion protocol speci�cation in the form of a .bval text �le for b-values and

a .bvec text �le for gradient directions;

� a .nii �le containing the binary image which describes the brain mask (i.e. the area

of interest);

� The name of the model which is to be �tted (as said before, in our case is �Watson-

SHStickTortIsoV_B0�).

The �tting procedure makes extensive use of the MATLAB Parallel Toolbox in order to

speed the computation. On the personal computer in use (16Gb RAM, 3.0 GHz quad-core

Intel processor), whole brain �tting takes approximately 5-8 hours.

It is worth mentioning that, amongst the outputs, the provided software doesn't feature
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the possibility of directly recovering maps concerning model residuals or model predic-

tions; however, by exploiting the synthmeas function of the toolbox in a in-house script,

it was possible to recover both wanted quantities.

1.2 Bingham NODDI and Dmipy

Fick and colleagues (Fick, Wassermann and Deriche 2018) recently introduced the Di�u-

sion Microstructure Imaging in Python framework (Dmipy) with the aim of developing a

tool to be used as to freely design and develop multi-compartment modeling strategies for

di�usion MRI experiments. Dmipy as a software follows a modular strategy: the various

biophysical models are implemented independently and can be individually called with

a single line of code to be a part of a multi-compartment model which is deemed suit-

able for the situation at hand. Following the same reasoning, multiple di�erent �tting

routine are present in the framework, and in principle one is able to decide which one

to employ without hard coding it from scratch. Furthermore, only focussing on multi-

compartment modeling, Dmipy is designed to be complementary to the already existing

Di�usion Imaging in python (Dipy) toolbox (Garyfallidis et al. 2014), which focusses more

on non-parametric dMRI modeling and tractography. Dmipy design philosopy is better

introduced by its visualization in Figure 21, which makes clear how each part of the exper-

iment design process is interchangeable, from the modeling choices to the �tting routine,

also including the kind of output information one wants to obtain.

Dmipy is available for public use (https://github.com/AthenaEPI/dmipy) and fea-

tures a number of tutorials to help the user �t already existing multi-comparment models

from the state of the art literature. Lacking an o�cial implementation, Bingham NODDI

parameters can be estimated here, by following the proper guide.

Fitting Bingham NODDI require very similar inputs to Watson NODDI:
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Figure 21: The modular approach of the Dmipy framework. Any biophysical model can be

called with a single line of code to be part of a multi-compartment model; moreover, the

�tting procedure can be chosen just as easily.

� The preprocessed DW images with the .nii format.

� The di�usion protocol speci�cation in the form of a .bval text �le for b-values and

a .bvec text �le for gradient direction. b-values are usually supplied in s/mm2, but

in this case they have to be converted to s/m2.

� A .nii �le containing the binary image which describes the brain mask.
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� Knowledge about which biophysical models to call and which model parameters

to �x, provided by Bingham's tutorial ( http://nbviewer.jupyter.org/github/

AthenaEPI/mipy/blob/master/examples/example_noddi_bingham.ipynb). Brie�y

the procedure involves (1) calling the indipendent Stick, Ball and Zeppelin compon-

ents, (2) including the Bingham distribution to describe orientation dispersion, (3)

de�ning the intrinsic, transverse and isotropic di�usivities and (4), �nally leaving

the �tting procedure as default (the �grid search into gradient descent� approach

which is in use in the NODDI toolbox is automatically selected).

Fitting Bingham NODDI requires slightly more time than Watson NODDI, e�ectively

ranging between 7 and 10 hours to reach completion.

1.3 The AMICO repository

The AMICO framework in which the linearized version of NODDI is found has its own

repository and is publicly available (https://github.com/daducci/AMICO). Another im-

plementation is available in Matlab (https://github.com/daducci/AMICO_matlab), but

it is older and it isn't o�cially supported by the authors anymore. All necessary Matlab

functions were re-written from scratch in a Python environment. Before starting to �t

the model, it was necessary to organize the dataset according to the scheme shown in

Figure 22: inside the dataset root directory, every subject acquisitions are to be stored

inside the appropriate subfolder, which is denoted by a particular di�usion protocol.

This arrangement was made a requirement beacause it presents an opportunity to be

computationally e�cient. Subjects scanned with the same b-values share, in principle, the

same so called 'kernels': independently from the number of DW images in the dataset,

AMICO generates an enormous amount of possible dictionary words, i.e the kernels, with

given b-values and extremely high angular resolution. Once this is done, this set of syn-
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Figure 22: The folder layout AMICO implicitly assumes the moment the �tting procedure

starts.

thetic signals is resampled as to match employed gradient directions and can subsequently

be used in the dictionary to linearly �t the model. Hence, subjects belonging to the same

study, who are usually acquired with the same di�usion protocol, will result in the same

pre-computed kernels, which can be then kept in memory. This strategy is particularly

helpful because kernel computation is one of the most time intesive steps in the entire

routine.

The �tting process for AMICO-NODDI requires the following inputs:

� the DW pre-processed images in the .hdr / .img format;

� the di�usion protocol speci�cations in the form of a .bval text �le for b-values and

a .bvec text �le for gradient directions;

� a .hdr / .img �le containing the binary image which describes the brain mask;

� a folder layout as speci�ed in Figure 22.

Fitting NODDI in the AMICO framework takes approximately 5-10 minutes, which is a

dramatically inferior time extent with respect to the original version of the model. As it
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was in the NODDI toolbox case, the o�cial implementation doesn't o�er as output any

maps concerning model residuals or model prediction. For this reason, it has then been ne-

cessary to modify several lines of code of the core.py �le in order to obtain them. Without

delving too deep into technical details, the model prediction was already employed in

the computation of the nmrse (normalized mean root square error) metric computation.

From that context, it simply had to be extrapolated and provided with the possibility of

being saved as a 4D volume map. The computation of the residuals has then been directly

obtained by computing the di�erence between the input data and the model prediction

itself.

1.4 The Spherical Mean Technique repository

SMT based tools are publicly available to use in the author's Github repository (https:

//github.com/ekaden/smt). Both precompiled binaries and source code can be down-

loaded, depending on user necessities. Apart from the �tting routines, the package in-

cludes a utility script which provides a voxelwise estimate of the rician-distributed noise,

provided the dataset contains several zero b-value images. Routines can be started from

the terminal in a very straightforward and intuitive manner and require no prior e�ort in

reorganizing the dataset in order to make them work. The code released here has been

used to �t both version of the SMT: the command �tmicrodt starts the �tting process for

the microscopic di�usion tensor version, while �tmcmicro starts the same procedure for

the bi-compartment model.

For the two cases, the list of required inputs is identical and features:

� the DW pre-processed images in the .nii format;

� the di�usion protocol speci�cations in the form of a .bval text �le for b-values and
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a .bvec text �le for gradient direction;

� a .nii �le containing the binary image which describes the brain mask;

� optionally, the di�usivities upper bound value. If not given, the self di�usion water

coe�cient at 37° is used (3.05mm2/s).

The �tting procedure is extremely fast and takes around 5 minutes for both formulations.

As with the other implementations, there is no explicit way to recover model residuals

or model prediction. Modifying the original code has proven to be too hard and time

consuming, and for this reason it has been decided to rely on indepentent Matlab scripts

in which the models had to be re-implemented to access both maps. Brie�y, Kaden and

collegues (Kaden, Kelm et al. 2016) provided in their pubblication the exact equations

which are being �tted to recover SMT microstructural indexes. Having the parameter

estimates available as outputs of the original scripts, and by implementing the model

equations in Matlab it was possible to reconstruct the di�usion signal prediction (and

thus, also the residuals) bypassing the necessity to build the optimization routine from

the ground up.

2 Data Analysis Methods

The methods which will be explained in this section are the mathematical tools on which

the model selection procedures employed in this work are based. They are generally aimed

to quantify how accurate the models are and how reliable their parameter estimates can

be. On a further note, they provide numerical quanti�cation of such qualities and as such,

they enable the possibility for objective discrimination. Without further ado, this section

introduces the following topics:
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� The residual Analysis;

� The evaluation of parameter estimates' uncertainty;

� The correlation analysis.

2.1 Residual analysis

One of principal ways to assess wheter a model is able to accurately represent the di�usion

signal is to look at the behaviour of the residuals. Residuals and errors are often used as

synonims, but in practice they refer to very distinct quantities:

� Measurement errors are by de�nition, the di�erence between the signal's observed

value and its �true� value. This information is non-observable.

� Model residual are by de�nition, the di�erence between the signal's observed value

and the adopted model's estimation of that value. This information is observable.

In practice, residuals can be regarded as an estimation of the measurement error, but

only under the hypothesis that the model is �correct�, which means it is able to reproduce

the di�usion signal without any added bias from other physiological or non-physiological

interference sources.

Mathematically speaking, let y(ti) be the observed, noise corrupted signal at time

ti. Under the assumption of additive noise v(ti), the observations can be related to the

noiseless �true� signal by:

y(ti) = ytrue(ti) + v(ti) (V.1)

In the dMRI context, we don't acquire signals whose dependence is on the time t, but

we rather have multiple DW images which are di�erent in b-value and di�usion gradient
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directions. In �rst approximation, noise is believed not to vary with these characteristics

and Equation (V.1) becomes:

y(bi) = ytrue(bi) + vi (V.2)

where b is the b-vector, whose magnitude and direction are the b-value and that of the

applied di�usion gradient, respectively. In order to visualize a b-varying signal, Figure 23

features an example coming from the dataset at disposal.

Figure 23: Example of a di�usion-sensitized. From the graph, it is possible to recognize

the di�erent b-values. Magnitudes near 1000 are the b=0 images; ranging between 100

and 200 are the b=710 di�usion directions; data points below 50 are the b=2855 di�usion

directions.
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Subsequently, let ỹ(p, b) be the model prediction for the noiseless signal ytrue(b), where

p is the parameter vector. Then the model residual is so de�ned:

r(bi) = y(bi)− ỹ(bi) = ytrue(bi) + vi − ỹ(bi) (V.3)

Under the assumption that our model yields an accurate representation of the true signal,

i.e ỹ(bi) ∼= ytrue(bi), Equation (V.3) becomes

r(bi) ∼= vi (V.4)

which states that model residuals are an estimation of a possible noise realization.

Equation (V.4) marks the basis of the reasoning which is being followed in order to

quantify �tting goodness given a particular dataset. The logic is, however, backwards: if

model residuals are a su�ciently good representation of a realization of the noise distri-

bution, then the assumed model is a good representation of the noiseless signal source

itself. Whether or not this is the case is usually assessed by analyzing the residuals and

checking the two following requirements:

� The average of the residual vector has to be approximately zero.

� Streaks of always positive or always negative values (runs) shouldn't occur, as it is

severe evidence of consistent under/overestimation of the signal.

If any of the two above characteristics noticeably fails to occur, the model is probably

biased and doesn't provide a suitable �tting of the di�usion signal.

A useful metric, which is often computed in conjuction with the residuals, is the

residual sum of squares (rss) which, as the name implies, is de�ned in the following way:

rss =
N∑
i=1

r(bi) (V.5)
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where N is the number of di�usion weighted images.

It is impossible to visually process the residuals for every single voxel, but being able to

visualize the rss in an image similarly to model parameter maps gives us the possibility to

have a �rst look about where model �tting is more problematic: in these zones it may be

then appropriate to proceed with the inspection of the residuals. In Figure 24, visualization

about how the rss maps promptly locate the most attention demanding regions is given,

as they are highlighted by unusual hyperintensity.

Figure 24: Slice from a 3D rss map of Watson-NODDI coming from subject 006. The

hyperintense zones are those where rss is exceptionally high, and the model isn't able to

properly �t the di�usion signal.

Generally speaking, the smaller residuals are (and thus, the smaller rss is), the better

the model is at describing the dataset. This statement is however partially inaccurate,
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as excessively small residuals usually brings forth the �over�tting� issue: this is the case

in which the model not only is able to represent the true signal in Equation (V.2), but

it also starts considering vi as to be carrying relevant information: the model therefore

starts to �t the noise realization too, an occurence which in this context is strongly un-

desirable and undermines the entire residual analysis. In addition to modeling unwanted

components, parameter estimates become more sensitive to the random �uctuations of

the signal, e�ectively making them more unstable and unreliable. However, not having

complete knowledge of the noise a�ecting dMRI images, and how the employed prepro-

cessing steps alter its probabilistic description, it is hard to understand when this situation

occurs. Being aware of this limitation, residuals and their sum of squares are still used to

understand where the model noticeably fails to represent the di�usion signal.

2.2 Evaluation of parameter estimates' uncertainty.

Assessing whether the estimation of model parameters has yielded robust and reproducible

results is a common practice to evaluate the goodness of a model. In a clinical context,

the importance of this evaluation is no exception: having unstable models which result

into producing microstructural parameters subject to great variability and dependence on

speci�c noise realizations makes us question the credibility we can attribute to them, and

as such, they cannot be used for disease diagnosis or spotting statistical di�erences.

For this reason, it is necessary to have a proper framework which enables the quan-

ti�cation of these characteristics. Let's initially presume that the observed signal y(b) is

not corrupted by any noise, i.e:

y(bi) = ytrue(bi) (V.6)

Then, assuming a model for ytrue(b) and completing the �tting procedure, we can obtain its
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parameter estimates p∗. Provided that the �tting algorithm doesn't introduce an element

of casuality and �nds the global minimum of the cost function, it is reasonable to think

that, running multiple iterations, we would always end with the same estimates. As the

signal is assumed to be noiseless, p∗ are referred to as the �true� model parameters.

However, as introduced in the previous chapter we need to account for the noise which

intrisically a�ects the observed signal:

y(bi) = ytrue(bi) + vi (V.7)

Since the observation y(b) on which we identify the selected model is random because of

vi, it follows that the parameter estimates p̃ will be too. By de�ning the estimation error

epi = p∗i − p̃i (V.8)

we want to quantify its variability by computing the individual variances of the pi para-

meters and subsequently, their coe�cients of variation in the form:

CV (pi) =
std(p̃i)

p̃i
(V.9)

Unfortunately, in the vast majority of cases it is impossible to repeat the experiment with

identical settings to directly compute sample variances. Even when virtually possible,

it still is a very resources and time consuming approach in general, which also brings

forth ethical issues. For these reasons, other means of assessing parameter variability were

explored:

� Exploitation of the Cramer-Rao Lower Bound;

� Statistical Bootstrapping.
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2.2.1 Exploitation of the Cramer-Rao lower bound

The Cramer-Rao lower bound is a theorical result inside the mathematical statistics frame

which enables the possibility to have an estimation of parameter estimates' variance. It

is based on the inversion of the Fisher Information Matrix de�ned as follows:

Jij = E

(
∂2L

∂pi∂pj

)
(V.10)

where E() denotes the expectation given the appropriate noise model, pi are the model

parameters and L is the log likelihood of the observation given the model and the para-

meter estimates, i.e:

L = log (p(y(bi)|G,p)) (V.11)

with G the adopted model. Brie�y, the Fisher Information Matrix is a way of measuring the

amount of information that the random observation carries about an unknown parameter

of the assumed model. By assuming the existence of the partial derivatives ∂L
∂pi

and of the

invertibility of matrix J , it can be proven that (Pillonetto and Bisiacco 2014):

Σp � (J)−1 (V.12)

Equation (V.12) e�ectively means, for the single parameter pi of the model, that:

var(pi) ≥ (J−1)ii (V.13)

As the two quantities in Equation (V.13) are often found to closely correlate (Alexander

2008), the Cramer-Rao Lower bound proves to be a powerful instrument to understand

how the uncertainty of the measurement error propagates through the estimation process.

In the case of gaussian noise, the explicit expression for J can be readily achieved by

knowing the derivatives of the assumed model:

Jij =
1

σ2

K∑
k=1

∂G(bk,p)

∂pi

∂G(bk,p)

∂pj
(V.14)
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where G(b,p) is the model prediction of the observed data and σ2 is the variance of the

gaussian noise. However, �nding the expression is exceptionally complicated in the case

of rician maximum likelihood, with a probably non-existent closed-form solution for the

3-step optimization routine of the AMICO framework. Moreover, even in cases where

noise was assumed to be gaussian (e.g in the Spherical Mean Technique), matrix J was

found not to be full rank and thus not invertible, resulting in the impossibility to apply

the Cramer-Rao lower bound.

2.2.2 Statistical Boostrapping

Statistical bootstrapping (Efron and Tibshirani 1994) can be seen as a method of quan-

tifying various properties of an estimator, such as its variance, by measuring them from

multiple datasets arti�cially created by randomly sampling the original available data. In

this work two di�erent strategies in this context have been implemented. The �rst is of

common use inside the modeling context, while the second is closer to the classical de�n-

ition of bootstrapping. The reason of this choice will be explained later in this chapter.

The modeling version of bootstrapping is based on the previously explained results

of residual analysis: in Equation (V.4) it has been introduced how, if the model is a

correct representation of the noiseless signal, it is possible to see the residuals r(bi) as

an approximation of the noise vi. Building on this consideration, this bootstrap strategy

revolves around the set of instructions in Algorithm 1.

Under the assumption of having N di�usion weighted images, the number of possible

di�erent permutations, i.e of di�erent residual vectors, #res amounts to:

#res = N ! (V.15)

If, as in our case, N ∼= 100 (depending on the preprocessing), #res is huge enough to
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Algorithm 1 The modeling version of the bootstrapping algorithm.
- Fit the model to the original dataset

- Obtain model prediction ỹ(bi) and model residuals r(bi),

UNTIL k==K

- Get a random permutation of the residuals rk(bi)

- Add rk(bi) to the model prediction ỹ(bi)

- Fit the model to the new signal ỹ(bi)+ rk(bi)

- Obtain this iteration's parameter estimates pk

END

presume that running a number of iteration K ranging from 1000 to 10000, there is a

very low probability of �nding two permutations which are exactly identical, case that

would bias the computation of mean and variance from the multiple parameter estimates'

sets. However, as introduced in Chapter 3, the Spherical Mean Technique doesn't explicitly

model the original dataset, but its spherical mean over the two available shells: having only

two b-varying points at our disposal, Equation (V.15) only yields 2 possible permutations

and the above mentioned strategy cannot be applied.

Classical boostrapping can however be used in this case. The strategy is similar to the

previous situation but, instead of shu�ing the residuals, it is the original dataset which is

resampled, with replacement this time. In order to avoid iterations in which one of the two

shells contains signi�cantly more samples than the other, it has been decided to resample

the images coming from two of them separately. The employed bootstrap procedure is

then explained in Algorithm 2.

Independently from the strategy employed, the bootstrap technique is a very time
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Algorithm 2 The bootstrapping algorithm employed speci�cally for the Spherical Mean

Technique.
UNTIL k==K

- Resample with replacement the dataset, separately for both the available shells, ob-

taining yk(bi)

- Fit the model to this iteration's data yk(bi)

- Obtain the current parameter estimates pk

END

demanding approach to recover the statistical description of parameter estimates. Nev-

ertheless, since for the above listed reasons applying the Cramer Rao lower bound was

found to be unfeasible, it was the only possible approach. In order to obtain signi�cant

results in an acceptable amount of time, in this work it has been decided to use it on

two slices coming from di�erent signi�cant subjects. For the most demanding model, i.e

Watson-NODDI, the number of bootstrapping iteration amounts to K = 2000, while for

the rest it was possible to obtain K = 10000 iterations.

2.3 Correlation analysis

When comparing models belonging to the same family, as for example Watson-NODDI or

AMICO-NODDI, it may be bene�cial to look how a certain parameter is jointly estimated

by the two in the same voxel. One way of understanding how similar two parameter

maps are is by visual comparison and further computation, for example, of the di�erence

image between the two. While this process is certainly e�ective when trying to spot local

di�erences in these images, it may not be suitable to grasp the general deviation which is
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likely not to be easily quanti�able by visual inspection.

In statistics, the Pearson correlation coe�cient ρ is a measure of the linear correlation

between two random variables. It is widely used in various scienti�c branches and is

utilized here to quantify the degree of similarity between di�erent parameter estimates.

The coe�cient is here de�ned as:

ρ =
cov(X, Y )

σXσY
(V.16)

where X and Y are two parameter maps, cov() denotes the covariance and σ denotes

the standard deviation. ρ ranges between -1 and +1, and signi�cant values of -1, 0 an

1 respectively stand for total negative correlation, no linear correlation and total posit-

ive correlation. The quanti�ed amount of linear correlation highlighted by ρ is generally

accompanied by a second index, named the p-value, which is aimed to describe how stat-

istically signi�cant this relationship is, given the data sample at hand. Whenever ρ is

computed it has also been decided to visualize the scatterplot of the two variables which,

as will be seen in the �Results and discussion� chapter, proves to be an useful instrument

in detecting parameter estimation anomalies.
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Part VI

Results and discussion

In this chapter, practical results of the comparison between the selected models are being

shown. For space reasons and to improve readability, it has been decided to visualize

the results pertaining a single slice (i.e slice 38 from patient #006), for which, of course,

the variability of parameter estimates has been computed and is avaiable for further

assessment.

The di�erent general techniques (i.e the NODDI macrofamily and the SMT macro-

family) in which the various models may be allocated, have been kept separate in the

comparison process. This choice has been adopted because the hypotheses which form the

basis for the two methodologies are completely di�erent, and the tools employed here are

better suited to aid model choice inside a speci�c context. Nevertheless, in the chapter

following the results, which marks the conclusion of this work, a qualitative comparison

between the two model frames will be given, suggesting in which occasion one should be

preferable to the other.

1 Comparison between Watson-NODDI and Bingham-

NODDI

Bingham NODDI is the extension of the original version of the model which implements

the Watson statistical description of possible neurite dispersion. Bingham's is a more gen-

eral distribution which provides the possibility to describe the dispersion of axons and

dendrites on the unit sphere in an anisotropic way, enabling the possibility to describe
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Figure 25: Volume fractions from Watson NODDI and Bingham NODDI. The top row

slices are from the intracellular volume fraction parameter map, while the bottom row

contains slice from the isovolumetric volume fraction.

more faithfully those �ber con�gurations such as fanning or bending (see Figure 8). Bing-

ham NODDI is known to well replicate volumetric information Watson NODDI provides

with its maps in healthy subject (Tariq et al. 2016). Here, the same a�rmation is object

of validation in the oncological dataset at disposal.

Maps concerning the intracellular volume fractions and their coe�cients of variation

76



Figure 26: Scatterplot of Watson-NODDI and Bingham-NODDI for the intracellular

volume fraction parameter (left) and for the isovolumetric volume fraction (right) for

a slice of patient #6.

are reproduced for both Bingham NODDI and Watson NODDI in Figure 25: here, no

extensive di�erences can be visually appreciated between the two versions of the model.

While isovolumetric images practically appear to be the same, it can altogether be seen

how in the intracellular case, both models struggle to univocally identify the interested

parameter inside homogeneous regions like the ventricles. This issue, widely known in the

modeling framework and present in both Watson NODDI and Bingham NODDI, is due

to how the parameter is de�ned in NODDI's general formulation seen in Equation (III.1).

Whenever 1− viso ∼= 0, the contribution from the intracellular and extracellular compart-

ments starts to practically have zero weight on the total signal; this, in turn, causes the

involved parameter to be underdetermined, as no matter how pronounced, their variation

will minimally a�ect the model estimation. To support the claim that the estimation of

volumetric quantities is consistent, their scatterplots have been reproduced in Figure 26.

As the points in both graphs are found to be concentrated on the principal diagonal, the
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Figure 27: Orientation Dispersion Index maps for Watson NODDI (left) and Bingham

NODDI (right). The sphere-like hyperintense zone present in both maps is interested by

tumor development.

�ndings are coherent with the previous visual inspection. Futhermore, Pearson correlation

coe�cient has been computed in both cases, yielding for the intracellular volume fraction

and the isovolumetric volume fraction ρicvf = 0, 9474 (p ∼= 0) and ρisovf = 0, 9987 (p ∼= 0)

respectively. It may be worth noting how low values of intracellular volume fractions

(<0.1) are rarely identi�ed by the model, possibly indicating a di�culty for the model to

discern from multiple situation at low neuronal density.

In the case of the orientation dispersion index (ODI), the situation is found to be

quite di�erent. In Figure 27 , the parameter map for both versions has been reproduced.

Here, the visual di�erence is certainly more striking with respect to the volumetric maps.

The scale of the two versions is the same, and as the right map is clearly hypointense, it

appears that Bingham NODDI estimations present generally lower values than those from

Watson-NODDI. Apart from the clear disagreement about ODI values in the ventricles,

which in no small part may be due to the reasons explained above, it may be worth of note
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Figure 28: Scatterplot of Orientation Dispersion Values for Bingham-NODDI and Watson-

NODDI.

how the tumoral region is e�ectively portrayed by an anomalous rise of ODI. The loss of

coherence and scattering of axonal �bers is usually found in presence of edema, which is a

well documented phase of tumour progress in literature (Papadopoulos et al. 2004). The

scatterplot of the OD images shown in Figure 28 supports the visual di�erence which is

seen in the parameter maps: the joint values of ODI are signi�cantly more scattered than

their volumetric counterpart, with a clear underestimation on Bingham's behalf. Another

e�ect of possible model instabilities could be the �discretization� of several ODI values

which can also be appreciated here: A multitude of possible values of Bingham-NODDI

are explained by a single one in Watson NODDI at ODIWatson
∼= 0.7, and the contrary

is also found for ODIBingham ∼= 0.01. Nevertheless, the Pearson correlation coe�cient has

been computed and yields ρODI = 0, 8654 (p ∼= 0), which is substantially high, despite the

above discussed issues.

Up until now, the comparison of shared metrics has shown a certain degree of con-

sistency between the two models; Bingham NODDI, however was structured as to be a
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Figure 29: The novel metric of Bingham-NODDI (Dispersion Anisotropy) quanti�ed for

three di�erent slices.

generalized version of the original implementation, and gives the possibility to quantify

not only axonal dispersion through ODI, but also to infer about its degree of anisotropy

with the Dispersion Anisotropy (DA) index. In Figure 29, the DA map is displayed for

several slices. The results here are quite problematic: in the coherent structures present

in the human brain, it is assumed that adjacent voxels do not show extreme variation

in microstructural properties: in other words, there is strong spatial correlation inside

regions who are believed to be homogeneous. This property can generally be appreciated

in the volumetric maps and in the OD maps, but in DA images, this coherence is almost

completely disrupted, to the point of almost not being able to distinguish any feature

of brain architecture. Moreover, a typical salt-and-pepper pattern is clearly noticeable in

various grey matter and white matter regions, sign that can be due to issues at the level

of the model estimation process. This fact does not come as a complete surprise, as the

�tting routine employed has been speci�cally optimized for Watson-NODDI, and not for

the Bingham variation. Hence, the latter probably requires some adjustments to its �tting
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routine, a dataset with more shells and additional di�usion directions or, in case it isn't

possible to acquire additional DW images, to completely change the optimization context

and move into a bayesian framework, where the use of informative prior knowledge may

help to stabilize DA estimates without more extensive data requirements.

In conclusion, according to the revised literature, the DA index has been found harder

to estimate than the other metrics (Tariq et al. 2016). Altough Tariq and collegues could

reach more stable estimates, it is worth mentioning that the dataset at their disposal

featured 4 di�usion shells: two of them constitute the same protocol in use here; the

additional two are respectively comprised of 30 gradient directions at b=1000 and 60

di�usion direction at b=2000. Thus, the total number of DWI images is approximately

double the number on which microstructural models have been �tted on in this work. Since

the other model parameters are shared with Watson-NODDI, which has the additional

advantage of �nding extensive validation and use in the state of the art literature, it

has been decide to archive Bingham-NODDI in favor of the original version, given the

oncological context and the available dataset.

2 Comparison between Watson-NODDI and AMICO-

NODDI

The AMICO framework provides the possiblity to �t a linearized version of the NODDI

model via a dictionary approach. The dictionary words are composed by pre-computed

di�usion signals which are generated with an empirical number of combinations of NODDI

model parameters; then, the available data is �tted as a linear combination of the diction-

ary words and, by further elaboration of the identi�ed weights, the analogue of Watson

NODDI parameters can �nally be obtained for the observed signal.
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Unlike the previous case, there is no actual di�erence about the variety of informa-

tion the two models are aimed to provide, but theoretically, AMICO-NODDI is able to

reproduce Watson-NODDI results in a dramatically shorter extent of time (in the order

of minutes instead than 6 to 8 hours). Thus, the model parameters are the same and they

can all be compared.

Figure 30: Intracellular volume fraction maps for Watson-NODDI and AMICO-NODDI

(top row). In both cases, the maps containing the coe�cients of variation (CV) of the

estimated parameter can be found (bottom row). Red voxel inside the maps are those in

which the coe�cient of variations couldn't be de�ned.
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In Figure 30, the intracellular volume fraction maps and the relative coe�cients of vari-

ation, computed through the use of the modeling bootstrap technique, are being presented.

The same issue which was highlighted in the previous section can be appreciated here for

NODDI-Watson: in the ventricles and in cerebrospinal �uid related zones, the intracellu-

lar volume fraction is not a well de�ned parameter: this leads to issues in its estimation

which can result into having mixed and contradictory values in the parameter maps,

jointly with an anomalous increase of the coe�cients of variation in the same region.

Interestingly, AMICO-NODDI is not a�ected by this problem, and the estimation of the

intracellular volume fraction in those areas is smoothed out: the Tikhonov regularization

employed in the optimization routine may in this sense have helped. In white and grey

matter regions of the brain, the two maps show a certain degree of consistency, with CVs

that seem to be slighly lower in AMICO-NODDI's case rather than in Watson-NODDI:

again, this might be because of the employed regularization.

AMICO NODDI seems to hold fairly well in the estimation of the intracellular volume

fraction. This statement may however not be valid in other cases. In Figure 31, para-

meter maps and coe�cients of variation for the isovolumetric volume fraction have been

reproduced. The situation for the isovolumetric volume seems to be quite di�erent: the

parameter maps feature consistent results across the two methodologies, up to the point

of being completely undistinguishable from one another. The coe�cient of variation maps,

instead, strongly highlight the di�erences between the two models. For Watson-NODDI,

the CVs are quite high in both grey matter and white matter (ranging even higher than

60% in some cases). This is not completely unexpected as, due to how coe�cients of

variation are de�ned, they may become an overly sensitive index in the moment that

the estimated parameter's value is very close to being zero. In AMICO-NODDI's case,

however, we �nd the the CVs cannot be de�ned for most voxels in the image: this is an
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Figure 31: Isovolumetric volume fraction maps for Watson-NODDI and AMICO-NODDI

(top row). In both cases, the maps containing the coe�cients of variation (CV) of the

estimated parameter can be found (bottom row). Red voxels inside the maps are those in

which the coe�cient of variations couldn't be de�ned.

unsettling results, as it means that, throughout most of white matter and grey matter,

the isovolumetric volume fraction is identically equal to zero. This counts as a severe bias

on the model estimation, as it is highly unlikely that free water content is univocally and

constantly not contributing to the signal coming from various voxels, thus resulting absent

throughtout most of these regions.
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Figure 32: Orientation dispersion index maps for Watson-NODDI and AMICO-NODDI

(top row). In both cases, the maps containing the coe�cients of variation (CV) of the

estimated parameter can be found (bottom row).

Changing parameter context, in Figure 32 the orientation dispersion index maps and

relative coe�cients of variation are displayed. ODI estimates are arguably the most visu-

ally di�erent maps of all �tted model parameters. In the quanti�cation with AMICO,

the slice appears to be generally hyperintense with respect to the Watson-NODDI coun-

85



ρ p-value slope intercept

fic 0, 4921 ∼= 0 0, 723 0, 019

fiso 0, 9982 ∼= 0 1, 023 −0, 002

ODI 0, 7522 ∼= 0 1, 224 2, 35 · 10−4

Table 2: Pearson correlation coe�cients of the parameter estimates from Watson-NODDI

and AMICO-NODDI. The last two columns are respectively the slope and the intercept of

the line identi�ed by the linear regression of the scatterplots.

terpart. This is especially true for voxels belonging to the ventricles and cerebrospinal

�uid zones: here OD values univocally amount to one, additional possible sign of a reg-

ularization which aggressively smooths the parameter estimate. In the same regions, for

Watson-NODDI we �nd the already mentioned case of model parameters being not well

de�ned, leading to mixed and unstable values. In white matter and grey matter regions,

OD parameter estimates are generally found to be more coherent, with signi�cant di�er-

ences in some unusually hypointense zones belonging to the AMICO map. On a further

note, AMICO-NODDI seems to be generally inferior in the estimates' precision context.

This fact is particularly true in direct proximity to the ventricles, where the coe�cients

of variation are substantially higher than in the rest of the slice.

To support the visual inspection of the presented slices, scatterplots for the three

parameters have been reproduced in Figure 33. The corresponding Pearson correlation

coe�cients are also provided in Table 2, along with the slope and the intercept of the

line which linearly �ts the scatterplots. The isovolumetric volume fraction joint values

are mostly concentrated on the principal diagonal, indicating how the parameter is very

consistently estimated by the two models, apart from the problems introduced above.

Scatterplots for the intracellular volume fraction and the orientation dispersion index
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Figure 33: AMICO-NODDI / Watson-NODDI scatterplots for Intracellular volume frac-

tion (blue), isovolumetric volume fraction (red), and orientation dispersion (green)

present however some unsettling qualities. Besides the fact that the quanti�cation of

linear correlations yield for both cases a signi�cantly lower value with respect to the

isovolumetric volume fraction, in these plots the so called �discretization� problem is

found: it appears that in several voxels, AMICO-NODDI forces the estimation to result

in a particular �xed value, while Watson-NODDI disagrees and reveals that the same

estimation may yield a wide range of possible situations. This problem is here hypothesized

to be due to two di�erent reasons:

� One �rst reason may be the aforementioned aggressive regularization AMICO-
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NODDI employs in order to stabilize the parameter estimation process: while it

is here employed to reduce the ill conditioning in the dictionary, it may also excess-

ively constrain the optimization procedure, limiting the model possibility to follow

physiological and structural variations in the di�usion signal.

� Another possible cause is how the dictionary itself is de�ned. The AMICO framework

doesn't include a methodology to estimate the best set of words that can describe the

available dataset and statically chooses 145 possible signals. Having as pre-de�ned

dictionary may not be suitable for every situation, and this inadequacy may re�ect

this discretization issue.

As a last note for the scatterplots, at very low and high values of orientation dispersion,

the linear correlation starts to disappear: at OD < 0.2 the correlation appears almost

to be quadratic in multiple bands; at OD > 0.7 the discretization issues takes over and

completely disrupts the correlation.

Inside the visually evident lesion, the di�usion signal and the two model predictions

have been extracted from two di�erent voxels to serve as an example: these, and the

model residuals, are visualized in Figure 34. In the �rst voxel (1), both models appear to

be discretely �tting the di�usion signal. By looking independently at each shell, it seems

however that b=0 data points are consistenly over�tted by both models, while for b=710

we see a recurring underestimation. b=2855 points do not seem to be preferentially un-

derestimated or overestimated, which should be sign of their proper �tting. Nevertheless,

the residual graph looks fairly acceptable, with no long streaks of positive or negative

values and an average of approximately zero. The residuals may hint to AMICO having

a slightly worse �t than Watson-NODDI, but it doesn't appear to be a dramatic issue.

Voxel (2) �tting appears to be better, with no noticeable undershoot/overshoot across

all shells and a residual pattern which is almost identical for the two models, featuring
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Figure 34: The di�usion signal coming from two di�erent voxels belonging to the tumor

region. The model prediction for AMICO-NODDI and Watson-NODDI are also visualized

(top row), along with both model residuals (bottom row).

approximately zero mean and no long runs of positive or negative values.

As displaying the residual analysis for the entire slice would be impossible here, such

information can be condensed and carried by the rss maps for the two models, which are

shown in Figure 35. The residual maps o�er the chance to understand where the model

fails to represent the di�usion signal by summing the residual squares. Interestingly, the

tumor site doesn't speci�cally present high rss values, but for a small part it belongs to

the hyperintense region under the right ventricle in both models; nevertheless the most

di�cult voxels for the two models to �t seem to be located in cerebrospinal �uid-�lled

zones. As a last note, to have a general overview across all available subjects, in Table 3
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Figure 35: Rss maps for Watson-NODDI (left) and AMICO-NODDI (right). The brighter

the voxels are, the worse the model �tting is at that location.

and Table 4, the mean rss values have been computed for every patient, both in a region

speci�cally containing the tumor and in the whole brain.

Apart from some isolated cases, both in the tumour ROI and in the whole brain it

is found that Watson-NODDI scores better that AMICO-NODDI in terms of rss. This

results was partly expected as the linearization process is generally meant to simplify the

model, with the most common tradeo� being to lose a variable amount of �tting goodness.

In conclusion, in this paragraph Watson-NODDI and AMICO-NODDI have been

compared in terms of their performance. From the parameter maps, it has been seen

how AMICO-NODDI presents some issues in estimating the extracellular volume frac-

tion and has higher uncertainty for the OD values. Furthermore, the correlation ana-

lysis allowed to understand that, while there is a statistically signi�cant correlation

between analogous parameters in Watson NODDI and AMICO-NODDI, the �discret-

ization� problem arises for the latter, due to the reasons explained above. This is not the
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Watson-NODDI AMICO-NODDI

Patient 1 1.684 ∗ 104 1.805 ∗ 104

Patient 2 1.248 ∗ 104 1.368 ∗ 104

Patient 3 1.884 ∗ 104 2.161 ∗ 104

Patient 4 6.977 ∗ 103 8.959 ∗ 103

Patient 5 9.068 ∗ 103 9.767 ∗ 103

Patient 6 1.6 ∗ 104 1.566 ∗ 104

Patient 7 1.096 ∗ 104 1.131 ∗ 104

Patient 8 1.186 ∗ 104 1.241 ∗ 104

Patient 9 1.385 ∗ 104 1.388 ∗ 104

Patient 10 1.556 ∗ 104 1.603 ∗ 104

Patient 11 1.843 ∗ 104 2.154 ∗ 104

Patient 12 2.082 ∗ 104 3.497 ∗ 104

Table 3: Mean rss for all patients in an region of interest which includes the tumor. The

metric has been computed for both Watson-NODDI (left column) and AMICO-NODDI

(right column).

�rst time this issue has been observed: in Figure 36, the same problem has been brought

to the attention of the authors in the o�cial AMICO repository (link to the discussion:

https://github.com/daducci/AMICO/issues/8), from which Figure 36 has been repro-

duced. In the same image, it is possible to appreciate the anomalous behaviour of OD

correlation at low values which was seen in Figure 33. Lastly, the residual analysis and the

rss maps revealed how, in general, AMICO-NODDI �ts are worse than Watson-NODDI

both in the tumour region and in the whole brain. Following these considerations, being
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Watson-NODDI AMICO-NODDI

Patient 1 6.2728 ∗ 104 3.5051 ∗ 104

Patient 2 1.7872 ∗ 104 2.108 ∗ 104

Patient 3 1.9736 ∗ 104 2.6124 ∗ 104

Patient 4 1.5209 ∗ 104 1.8254 ∗ 104

Patient 5 2.2756 ∗ 104 2.7004 ∗ 104

Patient 6 4.2783 ∗ 104 2.9868 ∗ 104

Patient 7 1.6055 ∗ 104 1.9155 ∗ 104

Patient 8 1.5570 ∗ 104 1.7864 ∗ 104

Patient 9 1.8737 ∗ 104 2.3180 ∗ 104

Patient 10 2.1924 ∗ 104 2.7712 ∗ 104

Patient 11 4.0664 ∗ 104 2.6464 ∗ 104

Patient 12 1.8492 ∗ 104 1.7947 ∗ 104

Table 4: Mean rss for all patients in the whole brain. The metric has been computed for

both Watson-NODDI (left column) and AMICO-NODDI (right column).

faced with the choice of which model would be better in this context, Watson-NODDI

seems the most reasonable pick.

3 Comparison between the two SMT formulations

The spherical mean technique marks itself as a signi�cantly di�erent context from NODDI

and other similar models because it it not aimed to directly model the di�usion signal.

Instead, it is structured to �t the spherical mean of the signal, as it has been proven that,

from it, it is possible to extract structural information such as microscopic di�usivities
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Figure 36: A scatterplot of Watson-NODDI and AMICO-NODDI joint OD values repro-

duced from the o�cial AMICO repository. The discretization anomaly is here visually

appreciable and consistent with its �nding in the dataset at hand.

without the confounding e�ect of complex �ber orientations. This technique currently

features two di�erent implementations: one which relies on a microscopic tensor and the

other which is a bi-compartment model. The parameters they estimate do not always

quantify the same physical phenomenon, but the comparison of the maps still o�ers good

insight about their functioning.

Before delving into the methodologies themselves, it is worth mentioning that simply

computing the spherical mean of the signal may yield some useful information. In Fig-

ure 37, it has been computed for the available shells in the example slice. Here, it appears

very evidently how this particular tumor type appears brighter than the rest of brain

tissues, in both images. Tumour hyperintensity is not exclusive of spherical mean maps,

as for example it can also be noticed in the b0 volumes, but the speci�city found here

is visually striking. The interpretation of the reasons why this occurs, however, may be
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Figure 37: The spherical mean computed for b=710 (left) and b=2855 (right). It this

particular case, the lesion-interested region appears to be hyperintense.

complicated. Here, the assumption is that the physical nature of the displayed lesion we

are dealing with is highly restricted: the lesser the di�usion is allowed to occur in a voxel,

the brighter it will be in DW images, as molecules' random motion disrupts the phase

coherence in the MR signal; since the spherical mean is computed by simply averaging the

DW volumes belonging to the same shell, it follows that, for this quantity to be higher,

the di�usion in tumour-related voxels should be coherently restricted for every measured

gradient direction. This highly di�usion limited environment which is possibly re�ected by

the spherical mean, could be for example physiologically explained with a region a�ected

by high tumour cellularity.

Moving on to the parameter estimates, the intrinsic di�usivity maps are shown in

Figure 38 for both formulations, with their coe�cients of variations.
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Figure 38: Intrinsic di�usivities for the two implementations of the spherical mean tech-

nique (top row). The respective coe�cients of variation have also been reported (bottom

row).

The two maps appear to be coherent in the estimation of the parameter throughout

the entire slice, with no evident sign of disagreement. It is however visually appreciable

how the multi-compartment model tends to underestimate the intrinsic di�usivity in white

matter and grey matter regions. The deviation found in the maps is partially expected,

as the tensor formulation quanti�es this physical property by averaging the extracellular

environment in direct proximity of the axons, and the neuronal �bers themselves. The
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multi-compartment model, on the other hand, speci�cally accounts for two di�erent con-

tributions and should be able to infer about axonal properties in a less averaged fashion.

In general, the CV maps are found to be comparable with an overall tendency of the the

multi-compartment model to be slightly more uncertain in the estimation. In both cases,

the lesion-interested region has signi�cantly lower coe�cients of variation than in white

matter.

Changing parameter context, in Figure 39 the maps of the transverse di�usivities for

both formulations are introduced. It is important to bear in mind that, while it is a free

parameter in the tensor case, for the model the transverse di�usivity is recovered via a

tortuosity equation which links the other free parameters.

While the two maps are generally in accordance and jointly identify areas of high and

low transverse di�usivity, the di�usion tensor appears to be massively underestimating

this parameter. Again, some degree of di�erence is expected to be present between the

two, as the model's transverse di�usivity refers exclusively to the extracellular space while

in the tensor is averaged with the intracellular environment. The transverse di�usion is

almost absent inside neurons and thus, its value is expected to heavily lower the average

estimation, therefore yielding a map which is generally hypointense in the tensor case.

The CV maps are found to be signi�cantly di�erent in magnitude: in case of the di�usion

tensor in fact, the uncertainty of the estimation process is fairly higher when compared

to the multi-compartment model, suggesting that the assumed tortuosity model doesn't

particularly su�er from variance propagation of other free terms. On a further note, it also

appears that in the tumor-related region, the multi-compartment map is able to highlight a

certain degree of heterogeneity which the di�usion tensor model is not able to characterize

with the same e�cacy. Interestingly, in both the tensor and the bi-compartment model,

the white matter regions in direct proximity of the left ventricle feature more uncertainty
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Figure 39: Transverse di�usivities for the two implementations of the spherical mean

technique (top row). The respective coe�cients of variation have also been reported (bottom

row).

than the rest of the brain. This e�ect may be due to having particularly low values of

transverse di�usivity, as the closer the parameter estimate is to zero, the more the CV

metric is sensitive to small variations in the quanti�cation process.

The visual inspection of the parameter maps has allegedly shown that, apart from

a certain degree of overestimation/underestimation, they seem to approximately have

good coherence. This statement �nds additional ground inspecting the scatterplots of
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Figure 40 . Here, the systematic undershoots and overshoots are visually more evident

than in the parameter maps. The shapes of this disagreement are however sistematically

di�erent, as the intrinsic di�usivity is uncoherently scattered, while the transverse is seen

to preserve a certain degree of non linear correlation. This fact suggests they may be due to

di�erent causes. On a further note, in the intrinsic di�usivity scatterplot, the optimization

constraints are clearly visible (the lower bound being the transverse di�usivity estimated

value, and the upper bound being the �xed self di�usion water coe�cient). The Pearson

correlation coe�cients are reported in Table 5, along with the slope and the intercept of

the best line which �ts the data.

The multicompartment model exclusively o�ers the possiblity of estimating the intra-

cellular volume fraction, similarly to the various NODDI iterations. The map is reproduced

in �gure 35, along with the coe�cients of variation. The CV map is comparable to the

ones seen for the previous parameters, with additional uncertainty in several voxels in

which partial volume e�ects may be observable.

Figure 40: Scatterplots of intrinsic di�usivity (blue) and transverse di�usivity (red) for

the spherical mean technique formulations.
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ρ p-value slope intercept

dintrinsic 0, 9818 ∼= 0 0, 817 0, 019

dtransverse 0, 9163 ∼= 0 1, 220 −0, 002

Table 5: Pearson correlation coe�cients of the parameter estimates from the two SMT

formulations. The last two columns are respectively the slope and the intercept of the line

identi�ed by the linear regression of the scatterplots in Figure 40.

Figure 41: Maps of the intracellular volume fraction for the SMT multi-compartment model

(left) and of the relative coe�cients of variation (right).

It is di�cult to extensively analyze the residuals when using the spherical mean tech-

nique, as the signal which is being �tted here does not comprise approximately 100 data

points, but just 2, i.e. the number of shells featured in the dataset. In this case, the concept

of �runs� becomes meaningless, and reliably checking if the mean is approximately zero
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Figure 42: Rss maps for the SMT tensor formulation (left) and the SMT multicompart-

ment model (right).

is unfeasible. Nevertheless, the rss maps can be computed and have been reproduced in

�gure 42. The microscopic model features sensibly lower rss, indicating the �tting per-

formance to be superior. This is particularly evident in voxels which mark the transition

between physiologically di�erent regions of the brain. In these cases, the microscopic tensor

isn't able to handle the partial volume e�ects which take place and isn't able to properly

�t the spherical mean. This is however not an issue for the multi-compartment model, as

it is able to overcome this limitation by explicitly taking into account the possible pres-

ence of multiple environments. Moreover, a part of the tumour-interested region is shown

in as hyperintense in the di�usion tensor map, indicating that it may not be suitably
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�tting the signal even in that situation. As a last note, to generalize the rss results to the

entire datasets, in Table 6 and Table 7, it is possible to �nd, respectively, the rss averaged

inside the tumour-related regions and in the whole brain: both of them state how the mul-

ticompartment model is able to �t the spherical mean better than its tensor counterpart.

In conclusion, the two available implementations of the spherical mean technique have

SMT-Tensor SMT-MCmodel

Patient 1 126, 98 1, 876

Patient 2 343, 818 1, 299

Patient 3 83, 296 1, 778

Patient 4 208, 394 3, 158

Patient 5 979, 087 2, 253

Patient 6 75, 319 4, 509

Patient 7 158, 616 1, 84

Patient 8 379, 631 0, 747

Patient 9 161, 796 1, 875

Patient 10 245, 955 11, 354

Patient 11 861, 830 44, 169

Patient 12 323, 6113 24, 444

Table 6: Mean rss values of the SMT formulations for every patient in the dataset, com-

puted from a region of interest containing the tumour.

been here compared in an oncological environment: it has been shown how the parameter

estimates are consistently understimated or overstimated by the tensor formulation with

respect to the model; additionally, it has been seen how the uncertainty of estimation
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SMT-Tensor SMT-MCmodel

Patient 1 299, 566 49, 105

Patient 2 217, 093 29, 967

Patient 3 249, 210 44, 366

Patient 4 238, 901 24, 90

Patient 5 339, 402 47, 355

Patient 6 315, 142 54, 686

Patient 7 205, 147 26, 702

Patient 8 207, 949 34, 624

Patient 9 267, 107 32, 875

Patient 10 327, 070 46, 310

Patient 11 398, 255 106, 697

Patient 12 164, 645 26, 963

Table 7: Mean rss values of the SMT formulations for every patient in the dataset, com-

puted from the whole brain

is slightly higher in the model for the intrinsic di�usivity, and signi�cantly worse for the

transverse di�usion in the tensor; it could also be appreciated how the multi-compartment

model o�ers the possibility to quantify an additional parameter, the intracellular volume

fraction, with acceptable precision; in the end, it has been seen how the model consist-

ently scores a lower residual sum of squares for all subjects, both in the whole brain and

speci�cally in tumour-interested zones. Given the outcomes of this analysis, the multi-

compartment version of the SMT seems to be a superior approach to the di�usion tensor

formulation. In the revised state of the art literature, no quantitative assessment of the
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di�erences between the two versions of the SMT was found, neither in the oncological nor

in the healthy case. However, it is entirely possible that a part of the results �rst shown

here transcend the distinction between the two situations as, for example, the rss maps

outlined how the di�usion tensor formulation noticeably fails in voxels which mark the

transition between di�erent biophysical environments: this shortcoming is general enough

not to depend of the speci�c nature of the pathology and becomes potentially dangerous

in the moment we want to track the boundaries of an existing lesion, as the residuals show

the information we are provided may be biased and confounded.
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Part VII

Conclusions

The work in this thesis marked the beginning of an exploratory study aimed to assess

the validity of existing di�usion-based microstructural modeling strategies for the brain,

in the oncological �eld. Physiological microstructure is generally found to be at least an

order of magnitude smaller than the nominal voxel size of di�usion based MRI: the multi-

compartimentalization of the signal o�ers a convenient but powerful solution to bypass

this issue and discriminate between multiple biophysical environments. Such models have

generally been identi�ed on healthy tissues and are therefore aimed to provide meaningful

information in non-pathological cases. However, the usefulness of these approaches may

truly shine in the moment they can reliably be used to aid the diagnosis of brain-speci�c

pathologies. The generalization of these models to the pathological case is de�nitely non-

trivial: the biophysical assumptions which take place may be reasonably acceptable in

the healthy brain, but it is absolutely not to be taken for granted that they hold in the

speci�c disease and, as such, every compartment's modeling choice should be carefully

reconsidered.

The analytic tools employed in this work are fairly standard in general model selection

procedures and allowed to select, inside the NODDI and SMT macrofamilies, the most

suitable models in these broad contexts. Amongst these, the residual analysis has proven

to be most suitable in the evaluation of the �tting goodness of candidate models, and

the rss maps provided an overall mean to locate regions of their possible inadequacy. The

evaluation of estimated parameter's uncertainty, done here by bootstrapping the dataset

at disposal, could in some isolated cases highlight signi�cant di�erences in the ability
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to give reproducible results. However, no major conclusions could be drawn. It is also

worth noting, though, that bootstrap techniques pose some severe time requirements,

and in the period of time devoted to this thesis, could only be performed on two slices

pertaining two di�erent patients. Hence the cause of the arguably non-discriminatory

information provided may be the reduced data sample which was used in the assesment. In

general, it is de�nitely attention-inducing how the available implementation for all selected

models do not even consider the possibility of providing a temporally feasible measure

of parameter estimates uncertainty: this is is a critical step when validating a model in

vivo, as it provides useful information concerning whether the parameter estimates are

reliable or not, and cannot be completely substitued by simulation experiments. Lastly,

the correlation analysis and the various scatterplot were, instead, extremely helpful as

they could very well emphasize the parameter estimation di�erences of similar models,

and brought to the surface some important issues which would have otherwise remained

hidden.

In the NODDI macrofamily, which employs a three-compartment strategy to de�ne

intracellular, extracellular and free water environments, three di�erent model variations

were introduced: Watson-NODDI is the original implementation of the model and, as the

name implies, features the use of the Watson spherical distribution to model the dispersion

of axonal �bers; NODDI-Bingham is conceptually very similar, but stands out because

instead of the Watson distribution, it employs a more general alternative, the Bingham

distribution, which additionally allows the quanti�cation of the anisotropy of �ber disper-

sion; �nally, AMICO-NODDI is the linearization of Watson-NODDI within the AMICO

framework, which utilizes a completely di�erent optimization routine capable of deliv-

ering microstructural indexes in a dramatically lower extent of time. Bingham NODDI

was discarded very soon in the analysis process, as the novel information it provided,
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namely the Di�usion Anisotropy index (DA), would produce visual maps plagued by a

salt-and-pepper pattern, completely disrupting the intrinsic coherence of brain structure.

This issue may be due both to the fact that the employed �tting routine hasn't been spe-

ci�cally optimized for this model, and to the possibly too limited extent of the available

dataset. AMICO-NODDI was found to have generally worse �tting performances than

Watson-NODDI thanks to the visual inspection of the residual and to the computation of

rss maps. This tradeo� is to be expected in a linearization process, but the scatterplots of

the paramter estimates additionally revealed �discretization� issues (better explained in

the previous chapter), which eventually led to exclude the current version of AMICO as a

reliable choice. Thus, the original version of NODDI, i.e Watson-NODDI seems the most

favorable choice to describe the brain in oncological patients, out of the three possibilities.

In the SMT macrofamily, which �ts the spherical mean of the signal to remove the

confouding e�ect of the possibly complex orientation distribution function, we �nd two

di�erent formulations: the original one is represented by a di�usion tensor, and the other

is a bi-compartment model which di�erentiates between intracellular and extracellular

environments. In this case, the initial computation of the spherical mean yields only two

data points per voxel (i.e. equal to the number of di�usion shells), thus invalidating the

inspection of the residuals. While analizing the coe�cients of variation of the parameter

estimates brought mixed results and wouldn't favor one or the other implementation, the

rss maps could be compute and, despite the di�culty of inspecting the residuals, provided

clear evidence that the di�usion tensor struggles to �t the signal in a multitude of regions,

both inside the tumour and outside, especially in cases where partial volume e�ects are

present. This issue is unacceptable, and is the major reason why the di�usion tensor

formulation has been discarded in favor of the bi-compartment model.

Having selected one model for each family, assessing whether the bi-compartment SMT
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or Watson-NODDI is better suited to provide microstructural characterization of brain

architecture in presence of tumors, it is a non trivial question: it is still is an open issue in

healthy subjects. This fact comes from the observation that they are aimed to describe very

di�erent (even if related) signals, and as such, rss maps become completely meaningless

in the comparison. In terms of dataset requirements, SMT speci�cally needs at least two

di�erent b-shells to identify its model parameters, while NODDI could theorically be �tted

reliably with a single shell, if one only needs to quantify the orientation disperion index.

Model hypotheses are also very di�erent: NODDI speci�cally tries to model the orientation

distribution function with the Watson distribution, while the SMT mathematically factors

its contribution out of the estimation process; in NODDI, di�usivity values are �xed to

stabilize parameter estimates while in the SMT, the same di�usivities are the main focus

of model estimation. NODDI estimates have lower coe�cients of variation across the

board, but the SMT can be �tted in sensibly less time (6-8 hours against 5 minutes). All

these considerations add together, and they would like to explain how the choice between

the two models is heavy dependent on the speci�c microstruture which is object of the

study, the extent of the dataset at disposal, the amount of computational time willing to

be spent and, last but not least, which microstructural information one wants to extract.

As a conclusive note, absent in the �Results and discussion� chapter, is the assessment

of VERDICT-MRI on our dataset. The model was previously introduced in this text as

the only microstructural model which was speci�cally built on tumours in order to non-

invasively o�er their physiological characterization. The �tting of the model couldn't here

be completed, as it was necessary to be in possession of particular MR-scanner related

information whose recovering is de�nitely a non-trivial issue. Di�usion sensitization in-

formation is usually conveyed by the scanner in the form of a single parameter, named

b-value, whose de�nition is here recalled as:

107



b = γ²G²δ²(∆− δ/3) (VII.1)

where γ is the gyromagnetic ratio, G is the di�usion gradient strength, ∆ is the time

interval between the two di�usion gradient pulses and δ is the di�usion gradient pulse

duration. The knowledge of b-value is directly accessible and it is normally found in the

document describing the di�usion protocol in use; However, the separate knowledge of the

speci�c values from which it is composed, i.e G, δ and ∆, cannot be readily retrieved unless

the MR sequence was structured and built in-house, which is not the case. Nevertheless,

it is strongly believed that VERDICT presents a valid alternative to NODDI and SMT

which to date, in the state of the art literature hasn't been explored enough. The model

has been introduced and physiologically validated on prostate cancer, but the authors

believe that it can in principle be used across di�erent cancer types if some suitable

modi�cations are provided. Validating the use of VERDICT in the brain represents one

of the current open challenges in the di�usion MR context, and naturally poses as the

possible prosecution of this master thesis work.
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